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Abstract

This note is based on lectures by Prof. Xu Guixiang in 2023 fall. This is a selection
and expansion of the involved content of Partial Differential Equations by Evans, but
is not endorsed by the lecturer. All errors are almost surely mine, and I'd be very
grateful if you could send an email to 3275779330@qq.com to point them out.
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1 Introduction

This course is an introduction to the mathematical study of Partial Differential Equa-
tions(PDEs), which are ubiquitous in mathematically oriented scientific fields, such as
physics(where people use PDEs to study sound, heat, diffusion, and quantum mechanics,
etc.) and engineering(structural mechanics, image processing, for example). The course
will mainly cover four prototype linear equations and a transform method - Fourier trans-
form, but will not focus on modern functional analytic techniques.

We will of course meet several specific equations, but we do NOT "just solve" them. In
general, given a system of PDE, there are several questions we can ask:

* Does a solution exist?
¢ [s the solution unique?

* Does the solution depend continuously on the data, such as the desired values of the
solution on the boundary of our domain, or the starting configuration when there is
a time variable?

e How regqular is the solution? Is it continuously differentiable? Or even smooth?

Before we define what a partial differential equation is, I recommend that, if you are
new to PDE, you should read the appendix now, where you could find notations and
important analytic tools used. Note that we write "PDE" as an abbreviation for both the
singular "partial differential equation" and the plural "partial differential equations".

In summary, a PDE is an equation involving an unknown function of two or more
variables and certain of its partial derivatives. Fix an integer k > 1.

Definition 1.1. A partial differential equation of order k is an expression of the form
(1) F(D*u(x), D¥1u(x),- -, Du(x),u(x),x) =0,

where F: R™ x R™ " x ... x R" x R x U — R is given, and u : U — R is the unknown.

We now try to crudely classify (1), and after that we shall present some examples of
each class.

Definition 1.2. (i) The partial differential equation (1) is called linear if it has the form

Y au(x)D"u = f(x)

|| <k

for given functions a,(|a| < k), f. This linear PDE is homogeneous if f = 0.
(ii) The PDE (1) is semilinear if it has the form

Z ay(x)D*u + aO(Dk_lu, -+, Du,u,x) =0.
|a|=k

(iii) The PDE (1) is quasilinear if it has the form

Z a,x(Dk_lu,- -+, Du,u,x)D*u + ao(Dk_lu,- -+, Du,u,x) =0.
|ec|=k



(iv) The PDE (1) is fully nonlinear if it depends nonlinearly upon the highest order derivatives.

Definition 1.3. A system of partial differential equation of order k is an expression of the
form

() F(D*u(x), D*"'u(x),- -+, Du(x),u(x),x) =0,
where F : R x R 5 ... x R™ x R™ x U — R™ is given, and u : U — R"™,u =
(ul,---,u™) is the unknown.

Systems are classified in the obvious way as being linear, semilinear, etc.

There is no general theory known concerning the solvability of all partial differential
equations. Instead, research focuses on various particular partial differential equations
that are important for applications, and following is a list of many specific partial differ-
ential equations of interest in current research. The ones that appears in the following
sections won't be listed.

1. Single partial differential equations.

(a) Linear equations.

i. Helmholtz’s (or eigenvalue) equation
—Au = Au.

ii. Liouville’s equation

iii. Telegraph equation
Utt + Zdut — Uxy = 0.
iv. Airy’s equation
Ut + Uyxx = 0.
(b) Nonlinear equations.

i. Eikonal equation
|Du| = 1.

ii. p-Laplacian equation
div(|Du|P~?Du) = 0.

iii. Minimal surface equation

. Du
() =

iv. Korteweg-de Vries (KdV) equation

2. Systems of partial differential equations.



(a) Linear systems.

i. Equilibrium equations of linear elasticity
uAu+ (A + u)D(divu) = 0.

ii. Maxwell’s equations
E; = curl B
B; = —curl E
divB = divE = 0.

(b) Nonlinear systems.

i. System of conservation laws
u; + divF(u) = 0.

ii. Navier-Stokes equations for incompressible, viscous flow

u;+u-Du—Au=—-Dp
divu = 0.

Enlightened from the questions raised before, we say that a given problem for a PDE is

well-posed if

1. the problem in fact has a solution;
2. this solution is unique;
3. the solution depends continuously on the data given in the problem.

Now it’s time to clarify what a solution actually is. We clearly want the solution to have
certain properties, for example, real analytic. But is it too much? Maybe it would be wiser
to require a solution of a PDE of order k to be at least k times continuously differentiable.

Definition 1.4. We say u € C¥(U) is classical solution of a PDE if in fact the PDE is identically
satisfied on U when u, Du, - - -, D¥u are substituted in.

However, for many PDE, we cannot achieve this. Under many circumstances we must
allow for solutions u which are not continuously differentiable or even continuous. In gen-
eral, these equations has no classical solutions but is well-posed if we allow for properly
defined generalized or weak solutions.

The point is this: if from the outset we demand that our solutions be very regular, say
k-times continuously differentiable, then it is usually hard to find them; a far more rea-
sonable strategy is to consider as separate the existence and the smoothness (or regularity)
problems. But let me explicitly note here that Part I is mainly devoted to deriving for-
mulas for the classical solutions. After that the book starts spending efforts on proving
mathematically the existence of solutions to various sorts of partial differential equations.



2 Four Important Linear PDE

In this chapter we introduce four fundamental linear partial differential equations for
which various explicit formulas for solutions are available. These are

the transport equation — u;+b-Du=0 (§2.1),
Laplace’s equation Au=0 (822),
the heat equation ur—Au=0 (8§2.3),
the wave equation ug —Au =0 (8§2.4).

Before going further, the reader is again advised to review the discussions of integration
by parts, Green’s formulas, convolutions, etc., in the appendix and later refer back to these
as necessary.

2.1 Transport equation

One of the simplest partial differential equations is
(1) ur+b-Du=0 inR" x (0,00),

where b = (by,--- ,b,) is a fixed vector in R", and u = u(x,t) : R" x [0,00) — R is the
unknown.
Homogeneous problem. Our aim is to solve the initial-value problem

) us+b-Du=0 in R" x (0, )
u=g¢g onR"x {t=0}.

Fix any point (x,f) € R" x (0,00) and define z(s) := u(x +sb,t +s)(s € R). We then
calculate

Z'(s) = Du(x +sb,t +s) -b+u;(x+sb,t+s) =0,
implying that z(s) is constant on the line through (x,t) with the direction (b,1) € R"*1,
Note that this line hit the plane R” x {f = 0} when s = —t, at the point (x — tb,0),
thus z(—t) = u(x — tb,0) = g(x — tb). Since u is constant on the line, we conclude that
u(x,t) = g(x —tb).

Nonhomogeneous problem. Now we turn to

) {ut—l—b-Du:f in R" x (0, 00)

u=g onR"x{t=0}.

Fix (x,t) and define z(s) as before, and this time we have z/(s) = f(x + sb,t + s). Conse-
quently

u(x,t) —g(x —th) = z(0) — z(—t) = / Z'(s)ds

—t

0 t
:/_tf(x+sb,t+s)ds:/0 F(x+ (s — )b, s)ds



and so
(4) u(x,t) =g(x —tb) + /Otf(x + (s —t)b,s)ds (x € R",t>0)

solves (3).

2.2 Laplace’s equation

In this section we will study a very important example of elliptic PDE - Laplace’s equa-
tion

() Au=0
and its generalization - Poisson’s equation
(6) —Au = f.

In both (5) and (6), x € U and the unknown is u : U — R, u = u(x). In (6) the function
f U — Risalso given.

Definition 2.1. A C? function u satisfying (5) is called a harmonic function.

Fundamental solution. Laplace’s equation is invariant under rotation(Problem 2.2), so we
first find radial solutions. Set v(r) = u(x) where r = |x| = (x2 + .- + x2)1/2. First we

d 1 ' .
calculate - = (X2 x2) V2 0y = %(1 <i<nx#0), and so

axi 2
J i i ; 2 — x? x?
ey =0/ (1) g = 0 ()t = 0,510 () 10 (13 = 57 (1) + 50 (0)
Hence
2 2 2 2
X X X+ +x -1
Au:;v’(r)— 1t 3 + o' (r) + 2L 7 "v”(r)—v"(r)—l—nr v (r).
1 1— /1 1—

Since u solves (5), we have Z;/((:)) =— it o # 0. We deduce In(|?'|) = Z;—/ =— n

and thus v/(r) = Cr'~" for some constant C. Integrate again to obtain

ClInr+C, n=2
o(r) =4 can
S T Cy, n>=3.

Therefore, if we choose "appropriate" constants, we get the following

Definition 2.2. The function

| , =2
n =
n(n—2)a(n) |x|"—2’ =

defined for x € R", x # 0, is the fundamental solution of (5).

6



Basic estimates. We have

®) DD (x)| < ,% D2@(x)| <

€ x+£0).

x|

This is obvious from direct computations of D®(x) and D?®(x), omitting the constants.
Poisson’s equation. The basic idea is as follows:

. . shift . . multiplication
x — ®(x) is harmonic == ®(x — y) also harmonic as a function of x !

sum with respect to y

®(x —y)f(y) also harmonic /IR ®(x — y) f(y)dy is also harmonic.

But this is WRONG because D*®(x — ) is not summable (cf. Definition B.5) near y = x.
Instead, if f € C2(IR"), then

Theorem 2.1. If u(x) = /IR” ®(x —y)f(y)dy, then
(i) u € C2(R"); (i) —Au = fin R"

Proof. (i) By the property of convolution we have u(x) = / ®(y)f(x —y)dy. Hence

n

u(x + he;) — u(x) flx+hei—y) - flx—y)
=t e / | av.
fathe =0 =) |
y) uniformly on R” as i — 0. Thus u,,(x) = /IRH DY) fr,(x—y)dy(i = 1,---,n), and

similarly,

Since f is twice continuously differentiable, then

gy (¥) = [ @) fr (x = 1)y (i, =1, ),

proving that u € C2(IR"),
(ii) Since ® blows up at 0, we will need to isolate this singularity inside a small ball. So fix
e > 0. Then

9 Au(x) = /B 0 C(y)Acf(x—y)dy+ | 0 D(y)Axf(x —y)dy =: L + Je.

First for I, we have the following estimate: |I;| < C0||D2f||Loo(]Rn) /( : |P(y)|dy. Inte-
B(0,e
1

2,
(for example, /B 00 X2 =

Ce?|Ine|, n=

Ce?, n>=3.

grate in polar coordinates to obtain |I¢| < {

€
a(n) / P2 ldr = %tx(n)sz.) An integration by parts (cf. Theorem B.3) yields
0

Je = /R e TWAf (= y)dy

_ of
= /]Rn_B 00 D®(y) - Dyf(x —y)dy + 25000 O(y)5 - (x — y)dS(y)

== Kg + Lg.



Similarly, since |v| = 1 and ®(y) = ®(|y|), we have

Ce|lne|, n=2,

10 Lel < ColvllIDf sy [ 19(1)IdS(y) <
0 Ll < ColIDflimge [ 190 145(y) {CS’ e
We continue by integrating by parts once again in the term K¢, to discover

K, = — D®(y)-D —y)d
/}R " B0e) () - Dyf(x —y)dy

dD
- Ay® —y)dy — =
I W) f(x —y)dy /83(0,3) =

0P
== /aB 0 3v W= ¥)ASW).

(W) f(x —y)dS(y)

0P
since A®(y) = 0in R" — B(0, ¢). Finally there’s one term left. By Definition B.2, —(y) =

v
. _y 1y 1 B . _
v-D®(y) = Yy nam) [yI" ~ na(me1 surface area of 0B(0, ¢), if y € dB(0,¢). Con
sequently
1
KS e — _ dS — _][ ds _ 0.
na(n)s”—l /BB(O,e)f(x ]/) (]/) BB(x,s)f(y) (y) — f(x) as &€ —

This, combined with (10), implies that J; — —f(x),&¢ — 0. Now (9) shows that —Au(x) =
f(x), as asserted. O

Remark 2.1. We write —A® = Jp in R" (cf. Appendix B.5), and so for x € R",

ay —dulx) = [ ~A@x )W)y = [ )y = F(x).
Mean-value formulas.

Theorem 2.2. (Mean-value formulas for Laplace’s equation). If u € C2(U) is harmonic, then

12 = ds = d
( ) u(x) ]éB(x,r) . ]é(x,r) ey

for each ball B(x,r) C U.

Yy=x+rz 1

Proof. (i) Set ¢(r) := ]gB(xr)u(y)dS(y) — W/BB(O 1)u(x+rz)r”—1d5(z) =

]é on) u(x 4+ rz)dS(z). Then by Green'’s formula (cf. Theorem B.3),
B(01

oy _ B y—x
#) _7£B<o,1> Du(x+rz) - 2d5(z) = ]gB(x,r) Duly) =~ dsW)

= Du(y) - vdS(y) (y — 2 is the outward unit normal vector)
oB(x,r) -
au . o .
= Jonen) 5, (1)dS(y)  (Definition B.2)



1 r
_—noc(n)r”*1 /33(x,r) Au(y)dy = E][l;(x,r) Au(y)dy = 0.

Thus ¢(r) is constant. So ¢(r) = }1—% P(t) = }1_% - u(y)dS(y) = u(x).

(ii) Employing polar coordinates (cf. Theorem B.4) gives

/Bw) ndy = /0 </8B(x,5) nasty )) do = /0 ("“(n)snl]ém,s) uds ) ds

=a(n)u(x) /Or ns"tds = a(n)ru(x).

Hence u(x) = ][( )udy. O
B(x,r

Theorem 2.3. (Converse to m-v property). If u € C%(U) satisfies

for VB(x,r) C U, then u is harmonic.

Proof. Suppose that u is not harmonic, then there exists some ball B(x,r) C U such that,
say, Au > 0 within B(x,r). But then for ¢ as above, 0 = ¢'(r) = %]{g(w) Au(y)dy > 0, a
contradiction. ]

Maximum principles. In this part U is open and bounded.

Theorem 2.4. (Strong maximum principle). Suppose u € C>(U) N C(U) is harmonic within U.

(i) Then max u = max u.
u ou

(ii) Furthermore, if U is connected and there exists a point xog € U such that u(xg) = maxu, then
u

u is constant within U.

Remark 2.2. Assertion (i) is the maximum principle for Laplace’s equation and (ii) is the

strong maximum principle. Replacing u by —u, we recover also similar assertions with

"min" replacing "max".

Proof. Suppose there exists a point xg € U with u(xg) = M := maxu. Then for any r with
u

0 < r < dist(xp, oU), the mean-value property asserts

M = u(xp) :/B( )udng.
Xo,"

As equality holds only if u = M within B(x, 1), wesee u(y) = M forall y € B(xo, 7). Now

consider the set {x € U : u(x) = M}. Itis open as the union of open balls. Meanwhile it is

relatively closed in U since u(li_r)n Xp) = lim u(xp) = Mif {x,} C {x e U:u(x) = M}.
n—oo n—oo

Thus the set equals U if U is connected. This proves (ii), from which (i) follows. l

Corollary 2.1. (Positivity). If U is connected and u € C>(U) N C(U) satisfies

Au=0 inU
u=g onadl,

9



where g > 0, then u is positive everywhere in U if g is positive somewhere on oUl.

Proof. Apply the two maximum principles to know that u is constant and positive since
the maximum of u on dU is positive. O

Theorem 2.5. (Uniqueness). Let g € C(oU), f € C(U). Then there exists at most one solution
u € C2(U) N C(T) of the boundary-value problem

(13) {—Au =f inlU

u=g ondl.

Proof. Proof. If u and i both satisfy (13), apply Theorem 2.4 to the harmonic functions
w := +(u — 1) and we obtain w = 0 in U. O

Regularity. Next we prove that if u € C? is harmonic, then necessarily u € C®. Thus
harmonic functions are automatically infinitely differentiable.

Theorem 2.6. (Smoothness). If u € C(U) satisfies the mean-value property (12) for each ball
B(x,r) C U, then
ueC?U).

Proof. Let i1 be a standard mollifier, as described in Appendix B.4, and recall that # is a
radial function. Set u® := e x u in Uy = {x € U : dist(x,0U) > e}. As shown in Appendix
B4, ut € C*(U,).

We will prove u is smooth by demonstrating that u = u® on U,. Indeed if x € U, then

u(x) = /uns(x —y)u(y)dy = 81,1/8(%8) U (M> u(y)dy
1 €

— = [() (/BBW) udS) dr
- 8lnu(x) /0 T (5) na(myar - oy (12)
=ulx) [, nely)dy = u(x)

The integration area of the last integral can also be R"; no matter. Thus u* = u in U, and
sou € C®(Uy) for each € > 0. O

Local estimates.

Theorem 2.7. (Estimates on derivatives). Assume u is harmonic in U. Then

Ck
(14) [D*u(x0)| < S llull L Bxom)
for each ball B(xo,r) C U and each multiindex « of order || = k. Here

1 (2n+1nk)k

(15) Co=——,C = (x(n) (k:L)

10



Proof. We do induction on k. The case k = 0 is immediate from Theorem 2.2 as

1 G
uGeo)l < )ldy = o [ )iy = Sl
Xo,r

B(xo.7) a(n)r

For k = 1, we note upon differentiating Laplace’s equation that u,,(i = 1,---,n) is har-
monic. Consequently, by Theorem B.1,

1 .
(x0)] = dx| = | / 'dS
(16) |7/lx, (XO)’ ][I;(xo,r/Z) Uy, dX (x(n)(T’/Z)n 9B(x0,1/2) w ‘
2y v | ds = 2|
< Dé(n)rn = aB(xolr/Z) - r L (aB(XO/T’/:Z)) '

Now if x € d0B(xg,7/2), then B(x,r/2) C B(xp,r) C U, and so

1 2\"
)1 < iy (2) lqacn)

by (14), (15) for k = 0. Combining the inequalities above, we deduce

n+1
|D%u(x0)| < i(—n;%HuHLl(B(m,m)
if |«| = 1. This verifies (14), (15) for k = 1.

Assume now k > 2 and (14), (15) are valid for all balls in U and each multiindex of
order less than or equal to k — 1. Fix B(xg,7) C U and let « be a multiindex with || = k.
Then D*u = (DFPu),, for somei € {1,---,n},|B| = k — 1. By calculations similar to those
in (16), we establish that

1 .
D* :][ DB d :—/ DF idS
utx) B(xo,r/m( #(x0))xx a(n)(r/k)" aB(xO,r/k)( u(z0)) v
K n—1 nk
S(X(H)rnmx(n)(r/k) IDPu| oo (g r k) = THDﬁuHLm(aB(xo,r/k))-

If x € dB(xp,7/k), then B(xg,7/k) C B(xg,r) C U. Thus (14), (15) for k — 1 imply

2n+1n k—1 k-1
DAl < el
a(n) (T”)
and so
(2n+1)k—1nkkn+k (Z”an)k
|D%u(xo)| < a(n)(k — 1)nrn+k||u||L1(B(x0,r)) S W||”||L1(B(xo,r))~
This confirms (14), (15) for |a| = k. O

n2n+1kn+knk—1
a(n)

Proof. Similarly we conclude that |D*u(xg)| < nTkHDﬁu”LW(aB(xo,r/k)) and |DPu(x)| <

Corollary 2.2. In fact, we have a better estimate Cy =

11



Cr—1

n+k—1
k—1
()

14| 11(B(x,,+)) PY induction. Combining them and we get

nk ék,1 ék
|D*u(xo)| < 7w\\““ﬂ(3(xw)) = L Bon):
()

This shows that "% Gk _ ¢, ; Goi Gy 0 = S and
is shows that = K ie. n(k_ T~ e ow set f(k) = ks an
wehave f(k) =nf(k—1),and so f(k) = nkf( ) = n*~1C;. From previous discussions we

. ont+ly 2n+1 nont1yn+ky k=1
know that C; = C; = , hence f (k) = . Therefore C, = ,as
a(n)’ a(n)” w(n)
(2n+1)k—1

desired. Simply note that lim C— = lim = 400, and this is the reason why C

k—o0 Ck k—o0 k"

is better. 0
Theorem 2.8. (Liouville). Suppose u : R" — R is harmonic and bounded. Then u is constant.

Proof. Fix xg € R",r > 0, and apply Theorem 2.7 on B(xo,7):
VnCy VnCy

Dulxo)| < g Loy S @ ()1 |ul] Lo ey <

\/_lex( )

[[1]| oo rrmy — O
as r — oo. The term \/ﬁ appears because Du is an n-dimensional vector. Thus Du = 0,

and so u is constant. O
Theorem 2.9. (Representation formula). Let f € C2(R"),n > 3. Then any bounded solution of
—Au=f inR"

has the form
u(x) = [ ®(x—y)f(y)dy+Clx e R")
for some constant C.

Proof. Since ®(x) — 0 as |[x| — oo for n > 3 and f has compact support, i(x) :=
/ ®(x —y)f(y)dy is a bounded solution of —Au = f in R" (using (8)). If u is another
R”

solution, w := u — il is constant, according to Theorem 2.8. O
Theorem 2.10. (Analyticity). Assume u is harmonic in U. Then u is analytic in U.
Proof. We omit this proof. Refer to pp 31-32 of the textbook. O

Theorem 2.11. (Harnack’s inequality). For each connected open set V. CC U, there exists a
positive constant C, depending only on V, such that

supu < Cmfu
14

for all nonnegative harmonic functions u in U.

12



Proof. Letr := }dist(V,0U). Forany x,y € V,|x —y| < r. Then

u(x) = ]é ) udz (m-v property)

1
> - >0
Z a(n)2mm /B(W) udz (u>0inU,B(y,r) C B(x,2r))

B 2%]{3(%0 ndz = 2l”u(y ). (m-v property)

Exchanging x and y gives 2"u(y) > u(x) > su(y) forall |x —y| < r. Since V is connected
and V is compact, we can cover V by a chain of finitely many balls {B;}Y ,, each of which
has radius 5 and B;N B;_ # @ fori =2,--- ,N. Then

forallx,y € V. O

1
Corollary 2.3. There exists a positive constant C such that Eu(y) < u(x) < Cu(y) for all
x,yeV.
Remark 2.3. This corollary assert that the values of a nonnegative harmonic function
within V are all comparable: u cannot be very small (or large) at any point of V' unless
u is very small (or very large) everywhere in V. The intuitive idea is that since V' is a posi-

tive distance away from dlU, there is "room for the averaging effects of Laplace’s equation
to occur”.

Green’s function. Assume now U C RR" is bounded, and oU is C!. We propose next to
obtain a general representation formula for the solution of Poisson’s equation

—Au = f in U,
subject to the prescribed boundary condition
u =g onal.

Let’s first look at basic ideas. Suppose u € C?(U), fix x € U, and choose ¢ > 0
so small that B(x,e) C U. Apply Green’s formula (iii) of Theorem B.3 on the region
Ve:=U — B(x,¢) to u(y) and ®(y — x). We thereby compute

od ou

an [ — oy —x)Auy)dy = [ ()5 (y—x) -y -5 (1)ds.

oV

(i) Since A®(x — y) = 0 for x # y, we have =0.
(ii)

- €

/ O(y — x)Au(y)dy = /u O(y — x)Au(y)dy — /B(x,e) O (y — x)Au(y)dy ),

1 1
n(n—2)a(n)en—2

< Ca(n)e" = (C'e> - 0(e = 0).

13



(iii) Similar to the last part of Theorem 2.1,

[ 5= 0ds) = [ ) Giw-xase)+ [ un)Gw-xds)
oo 1
= [ = RdS )+ [ ) ds )
= [ u@ 5 = nasw + £ uwast)
— u(x)(e = 0)
(iv)
[, ob-05wast) = [ ew-05wasw+ [ ely-n3as)
ou L ! na(n)e" 1 = Ce €
= ‘ W || ooy 1(11 = 2) () €772 () n— = 0(e=0)

Consequently, sending & — 0 in (17) yields, for any x € U, u € C2(U),

19w = [ @ -05 ) - u) 5 v — xS — [ @y - x)aut)dy,

Now formula (18) would permit us to solve for u(x) if we knew the values of Au within
U and u, du/dv along oU. However, du/dv along oU is unknown, and we must therefore
somehow modify (18) to remove this term.

So now we introduce a corrector function ¢* = ¢*(y) solving the boundary-value prob-
lem

(19) {A¢x =0 in U

p* =P(y—x) onal.

Apply Green’s formula again to compute

— [ 9*mauw)dy = [ u)A¢*(v) — ¢ (v)buly)dy

0) = [ w2 ) - 9 ) e sy
= [ w2 ) - oy~ x) S (1)dS ().

Adding (20) to (18), we obtain

@) u(x) = - [

ou

) (G 0=~ %)) a5~ [ (@ —x) — ") au(y)a.

u

We now fully understand the motivation for constructing the Green’s function, introduc-
ing next this

14



Definition 2.3. Green’s function for the region U is

G(xy) =®(y—x)—¢"(y)(x,y € U, x #y).

Using this terminology, we could rewrite (21) as

@ = [ w5 - xS - [ Gl sulydyx e W,

where

oG
5, (% Y) =DyGlxy) - v(y)
is the outer normal derivative of G with respect to the variable yy. Observe that du/dv does
not appear in (22); this is what ¢* is for.
Suppose now u € C?(U) solves the boundary-value problem (13) for given continuous
functions f, g. Plugging into (22), we obtain

Theorem 2.12. (Representation formula using Green’s function). If u € C*(U) solves problem
(13), then

3) uw) == [ g5 @ndst) + [ Fw)GEydyr e )

It is usually a difficult matter to construct Green’s function G for the given domain U.
This can be done only when U has simple geometry. We will next identify the case of a
half space, but before this, let us record the general assertion that G is symmetric in the
variables x and y:

Theorem 2.13. (Symmetry of Green’s function). For all x,y € U, x # y, we have

Gy, x) = G(x,y).

Proof. Fix x,y € U,x # y, and define v(z) := G(x,z),w(z) := G(y,z)(z € U). Then
Av(z) = 0(z # x),Aw(z) = 0(z # y) and w = v = 0 on dU. Thus our applying Green's
identity (Theorem B.3) on V := U — [B(x, ¢) U B(y, ¢)] for sufficiently small ¢ > 0 yields

/ vAw — wAvdz = /a va—w - wa—UdS(z).
v

Simply observe that Aw = 0 = Avin V, 9V = oU UJB(x,¢) UB(y,¢),and v = 0 = w on
oU. Hence the preceding formula reduces to

0v
(24) /E)B(x,s) 3,0 gvdS(z) = /aB(y,s) E gwdS(z),

v denoting the inward pointing unit vector field on dB(x,€) UdB(y,€). u is smooth near
x, whence

/ a—wvdS‘ < ‘ oW
9B(x,e) ov

> sup |ojna(n)e" ! < Ce" ! sup |v| =o0(1),e — 0.

L*(dB(x,e)) 9B(x,¢) dB(x¢)

15



On the other hand, v(z) = ®(z — x) — ¢*(z), where ¢* is smooth in U. Thus

lim a—vwdS = lim a;()(x —z)w(z)dS = w(x),
e—0.J9B(x,e) OV e—0.J9B(x,e) OV

as in the proof of Theorem 2.1. Thus the left-hand side of (24) converges to w(x) as ¢ — 0.
Likewise the right-hand side converges to v(y). Consequently

Gy, x) =w(x) =v(y) = G(x,y),
as desired. n

Green’s function for the half-space R = {x = (xq,---,x,) € R" : x, > 0}. Define
¥ =(x1, - ,Xy_1,—Xy) as the reflection of x = (xq,- -+, x,_1,X,), and set

¢*(y) =Py —%) =P(y1 —x1," ,Yn—1— Xn—1,Yn + xn)(x,y € RY).

The idea is that the corrector ¢* is built from ® by "reflecting the singularity" from x € R’
to X ¢ R’L. We note ¢*(y) = ®(y — x) if y € OR",, and thus

v
(Px

Definition 2.4. Green’s function for the half-space R’} is

0 in R’
d(y—x) ondR’,

as required.

G(x,y) =@y —x) =Py — ¥)(x,y € R, x # y).
Now we commence with the calculations on dG/dv(x,y). Firstly,

0d

1 1 ! , -1 yu—xp
— X)) = — X = ,
0= (2 |y—x\"—2>y_x.('y e = aon) [y =

na(n) |y — x|

and then ®,, (y — %) = . Hence if y € 0R",

oG
L0y = (0,0-+,0,-1)- DG = =Gy, (x,y)

[ (5 B8
na(n) \|y —x|" |y ="/ ], -

poal=ly-x  2x, 1
na(n) [x —y["

Suppose now u solves the boundary-value problem

25) {Au:O in R

u=g ondR,

16



Then from (23) we expect

_ 2xp g(y) n
(26) u(x) - na(n) /BIR’_}_ ’x_y|ndy(x = R+)

to be a representation formula for our solution. The function

2Xxy
na(n) [x —y|*

K(x,y) := (x e R,y € 0R"})
is Poisson’s kernel for R",, and (26) is Poisson’s formula.

We must now check directly that formula (26) does indeed provide us with a solution
of the boundary-value problem (25).

Theorem 2.14. (Poisson’s formula for half-space). Assume ¢ € C(R"~1) N L*®(R" 1), and
define u by (26). Then

() u € C¥(R?) N L¥(RY),

(i) Au = 0in R%,

and

(iii) lim u(x) = g(x9) for each point x° € OR"..

XX
xeRY

Proof. Recall that

) = [ Kooy = [ s (<55 w) v

For each fixed x, the mapping y — G(x,y) is harmonic, except for y = x. As G(x,y) =
G(y,x),x — G(x,y) is harmonic, except for x = y. Thus x — —gﬁ(x,y) = K(x,y) is
harmonic for any x € R,y € JR’}..

A direct calculation, given in Appendix B.7 (cf. Theorem B.7), verifies

@) 1= [ Kxy)dy

for each x € R".. As gisbounded, u defined by (26) is likewise bounded, i.e. u € L* (R, ).
Since x — K(x,y) is smooth for x # y, we easily verify as well u € C*(R". ), with

Au(x) = | AxK(xy)g(y)dy = 0(x € RY).

Now fix x0 € 9R" , ¢ > 0. Choose & > 0 so small that

(28) g(y) —g(%) <e if |y—2° <4,ye€oRr.

17



Then if [x — x| < 6/2,x € R,

u(x) —g() = | [ K(x,y)gy) —g(x")-1dy| = || K(x,y)[g(y) —g(x")]dy
IR" IR".

< K(x, —¢(x%)|d K(x, — ¢(x9)|d
/GJRﬁmB(xO,J) (x, y)Ig(y) —g(x")|dy + RL_B(5) (x, y)g(y) —g(x")|dy
=:14].

Now (27), (28) imply
I < / K(x,y)dy = ¢.
€ oR" (x Y ) y=¢&

Furthermore if |x — x| < 6/2 and |y — x°| > &, we have
) 1
ly =2 <ly =2+ 5 <ly—x[+ 5y =

and so |y — x| > |y — x°|. Thus

J<2lslisamey [, 0, KOy < =00
+ P

22| g | o xn 0f—n 1
— = —x'|7"dy < C / —dy — 0(x,, — 0™).
na(n) /8][{1—8(3(0,(5) ly = *7™"dy tn IR —B(x0,5) 6" 4 (0 )

Adding this with the estimate of I, we deduce |u(x) — g(x°)| < 2e, provided |x — x9| is
sufficiently small. O

4 oo (R1-11 X7
181l oo (mr-1) / 1 ay
2

R —B(x0,5) [x —y|"

Another example is the ball B(0, 7). Define u by

Pl

g(y)
u(x) = /BB(M S (x € BY(0, 7).

no(n)r

and we directly state the theorem.

Theorem 2.15. (Poisson’s formula for ball). Assume ¢ € C(9B(0,r)) and define u as above. Then
(i) u € C*(B°(0,7)),

(ii) Au = 0in B°(0,7),

and

(i) lim u(x) = g(x9) for each point x° € 9B(0, r).

x—x
x€BY(0,r)

Energy methods and Dirichlet’s principle. Consider first the boundary-value problem

—Au=f inl,
(29)
u=g on oll.

Assume U is open, bounded, and oU is C?.

Theorem 2.16. (Uniqueness). There exists at most one solution u € C(U) of (29).

18



Proof. Assume i is another solution and set w := 1 — #i. Then Aw = 0in U, w = 0 on dU,
and so an integration by parts shows

Jw

0= —/ wAwdx:/ Dw-Dwdx — | w——dS(x) :/ |Dw|?dx.
u u v u

ou

Thus Dw = 0in U, and, since w = 0 on dU, we deduce w = u — i = 0 in U. [l

Next let us demonstrate that a solution of the boundary-value problem (29) for Pois-
son’s equation can be characterized as the minimizer of an appropriate functional. For
this, we define the energy functional

I[w] := /u %|Dw\2 —wfdx,
w belonging to the admissible set A := {w € C*>(U) : w = g on 9U}.
Theorem 2.17. (Dirichlet’s principle). Assume u € C2(U) solves (29). Then
(30) I[u] = EEE I[w].

Conversely, if u € A satisfies (30), then u solves the boundary-value problem (29).

Proof. (i) Choose w € A. Then (29) implies
0= / (—Au — f)(u —w)dx.
u
An integration by parts yields
0:/ Du-D(u—w) — f(u —w)dx,
u
and there is no boundary term since u — w = g — ¢ = 0 on dU. Hence
/ |Du|?> — ufdx = / Du-Dw — wfdx
u u
1 1
< [ ZDul? / 1 2 _
/uZ\Dul dx + uz]Dw| wfdx,
where we employed the estimates
1 2, 1 2
|Du - Dw| < |Du||Dw| < §|Du| —|—§|Dw| ,

following from the Cauchy-Schwarz and Cauchy inequalities (§B.2). Rearranging, we
conclude
I[u] < Iw](w € A).

Since u € A, (30) follows.
(ii) Now, conversely, suppose (30) holds. For any v € C*(U), write i(7) := I[u + to](T €
R). Since u + tv € A for each T € R, the scalar function i(-) has a minimum at zero, and
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thus i’(0) = 0, provided this derivative exists. But
. 1 )
i(7) = / S|Du -+ TDof — (u+ 7o) fdx
u

1 2
_ /u§|Du|2—|—TDu : Dv—|—%|Dv|2 — (u+ 7o) fdx.

Consequently
(1) = /u Du - Dv + 17|Dv|?* — vfdx,
= 0=17(0) = /uDu -Dv —ovfdx = /u(—Au — f)oudx.
This is valid for each function v € C®(U) and so —Au = f in U. O

2.3 Heat equation
Next we study the heat equation
(31) ur—Au=20
and the nonhomogeneous heat equation
(32) ur — Au = f,

subject to appropriate initial and boundary conditions. They are basic examples of parabolic
PDE. Here t > 0,x € U, where U C R" is open. The unknown is u : U x [0,00) = R, u =
u(x,t), and Laplacian A is taken with respect to the spatial variable x. In (32) the function
f:Ux[0,00) = Ris given.

Fundamental solution. We first seek a solution u with the special structure

(33) u(x, t) = tlav (%) (x e R",t >0),

where the constants «, f and the function v : R” — R must be found. So insert this into
(31), and we obtain

at~ @y (%) + t‘“% - Dv <t£5> + ¢t~ (@2 Ay <t£5> =0.
Sety = tPx, then
at~ o (y) + pr=Hy - Do(y) + 2 ao(y) = 0.
Take B = 3, and all terms containing ¢ vanishes:

1
av—i—Ey‘DTH—Av:O.

We simplify further by guessing v to be radial; that is, v(y) = w(|y|) for some w : R — R.

20



Thereupon we have

1 -1
aw+§rw'+w”+n7w'20

for r = |y| (for the calculation of the last two terms, refer to the fundamental solution of

Laplace’s equation). Now if we set « = 7, this becomes
n—1,_./\/ 1 n,.\/
(r " w') + E(r w) =0

Thus

B 1
Ml + Er”w =a

for some constant a. Assuming lim w, w’ = 0, we conclude a = 0, whence
r—00

But then for some constant b

1
Combining this, (33), and our choices on a, b, we conclude that —=w(t ~1/?|x|) =

/2
solves (31).

This computation motivates the following

Definition 2.5. The function

|x2

1 _ X
O(x,t) = d Gy ¢ (X ERLES0)
0 (x e R",t < 0)

is called the fundamental solution of the heat equation.

b
tn/2e !

Notice that ® is singular at the point (0,0). The choice of the normalizing constant

(471)~"/2 is dictated by the following.

Lemma 2.1. (Integral of fundamental solution). For each time t > 0,

/n d(x,t)dx = 1.

Proof. We calculate

2 z=-%
/q)(x,t)dx:;/ e~ i dx —2L ! /e‘z|2dz

(47ct)n/2 JR /2 Jr

1

IR & O n
= 7_(”/21—{/00e dz = (VA =1
1=

O —AD =0 inR"x (0,00)

Again we symbolically write
8 y Y { d=5 onR"x{t=0}

21
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ing theorem, which is developed to solve the Cauchy problem

” {ut —Au=0 inR" x (0,00)

u=g¢ onR"x {t=0}.

Theorem 2.18. (Solution of initial-value problem). Assume ¢ € C(R")N L*(IR"), and again
use convolution to define

yl2
(35) u=u(x,t) = /n P(x —y,t)g(y)dy = W /]R” e_%g(y)dy(x eR"t>0).
Then

(i) u € C*°(R" x (0,00)),

(i) ur(x, t) — Au(x,t) =0(x € R",t > 0),

and

(iii)) lim  u(x,t) = g(x9) for each point x° € R".

(x,t)—(x9,0)
xeR",t>0

2
Proof. Since t~"/ 20~ is infinitely differentiable, with uniformly bounded derivatives of
all orders, on R" x [§, 00) for each § > 0, we see that u € C*®(R" x (0,00)). Furthermore

ur(x,t) — Au(x, t) = / [(Dr — A®)(x —y,1)]g(y)dy = 0(x € R",t > 0)
R‘rl
since @ itself solves the heat equation.

Fix xX’ € R", ¢ > 0. Choose 6 > 0 such that |¢g(y) — g(x?)| < ¢, if |y — x°| < 6,y € R™.
Then if [x — x°| < §, we have, according to the lemma,

Ju(x,t) — g(x")| =

/]Rn Q(x -y, t)[g(y) — g(xo)]dy'

< O(x —y,t —g(x%)|d P(x —y,t —g(x%)|d
/B(x%) =y lsy) —gCOldy + [ =y 1)lgly) —g()ldy
=I+].

Now
Iée/ d(x —y, t)dy =e.

Furthermore, if |x — %] < $and [y —x0| > 6, then [y — 0| < |y — x| + § < |y — x| + 3|y —

x9), thus |y — x| > 3|y — x°|. Consequently

C jx—y?
<2 oon/ d(x —y,t)d <—/ e & d
J < 2[lgl[=(rr) R B(a05) (x—y )y < 73 R B0 y

—40)2 —(y— 22
< i/ e dy == W ¢ e v dz

t1/2 JRn—B(x0,5) R"—B(x9,6//t)
—0 ast—0".
Hence if |x — 2% < § and t > 0 is small enough, |u(x,t) — g(x%)| < 2e. O

Remark 2.4. This is exactly the same procedure as in the proof of Theorem 2.14.
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Infinite propagation speed. Notice that if ¢ is bounded, continuous, § > 0,g # 0, then
u(x,t) defined by (35) is in fact positive for ALL points x € R" and times t > 0. We
interpret this observation by saying the heat equation forces infinite propagation speed
for disturbances. If the initial temperature is nonnegative and is positive somewhere, the
temperature at any later time (no matter how small) is everywhere positive.

Nonhomogeneous problem. Now we turn to the nonhomogeneous initial-value problem

(36) {ut —Au=f inR"x(0,00)
u=0 onR"x {t=0}.

First note that the mapping (x,t) — ®(x —y,t — s) is a solution of the heat equation (for
giveny € R",0 < s < t). Now for fixed s, the function

u=u(xts) = /IRn d(x—y,t—s)f(y,s)dy

solves

(37) {ut(~}5) — Au(-;s) =0 in R" x (S,OO)

u(;s) =f(,s) onR"x{t=s}

which is just an initial-value problem of the form (34), with the starting time replaced by
t = s and g replaced by f(-,s). Thus u(+;s) is certainly not a solution of (36).

However Duhamel’s principle (see Appendix B.8) asserts that we can build a solution
of (36) out of the solutions of (37), by integrating with respect to s. The idea is to consider

t
u(x,t) = / u(x, t;s)ds(x € R", t > 0).
0

Rewriting, we have

u(x,t) = /Ot /]R” P(x —y,t—s)f(y,s)dyds
x—y|?

t 1 ay?
:/0 (4m(t —s))n/2 /]Rne 4] f(y,s)dyds.

Theorem 2.19. (Solution of nonhomogeneous problem). Assume f € C2(R" x [0, 00)) and f has
compact support, and define u by (38). Then

(i) u € C3(R" x (0,00)),

(1) ue(x, t) — Au(x, t) = f(x,t)(x € R", £ > 0),

and

(iii) lim  wu(x,t) =0 for each point x* € R".

(x,t)—(x9,0)
xeR",t>0

(38)

Proof. Since @ has a singularity at (0,0), we cannot directly justify differentiating under
the integral sign. We instead proceed somewhat as in the proof of Theorem 2.1.
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First we change variables, to write

u(x, t) = /Ot /]Rn ®(y,s)f(x —y,t —s)dyds.

As f € C3(R" x [0,00)) has compact support and ® = ®(y, s) is smooth near s = t > 0,
we compute

wlot) = [ [ @il -yt - s)dyds+ [ @0/ ,0)dy

and t
Uy (X, 1) = /0 /n D(Y,8) frx;(x —y,t —s)dyds(i,j = 1,--- ,n).

Thus u;, D?u, and likewise u, Dyu, belong to C(IR" x (0, 0)).
We then calculate

wlt) = (e ) = [ [ @(y6) 2 flx -yt = s)dyds + [ @ 0)f(x—y,0)dy
—/t/n¢(y,S)Axf(x—y,t—S)dyds
— [ Lo | (5 - ac) =yt =) dyds [ (- y0)dy
—// (v,s K———A)f(x—y,t—fi)]dyds
+// (y,s K " y)f( y,t—S)}dde/ ) f(x—y,0)dy.

::Ig —‘I_ ]g + K.

Now

Tl < (Ufils + 1D le=) [ [ @(y,s)dyds <

by the lemma. Integrating by parts, we also find

I, = //]R” Kg—A)@(y,s)}f(x—y,t—s)dyds
+/ f(x =y t—e)dy— [ @, 0f(x—y,0)dy
_/ f(x—y,t—e)dy — K.

Hence

up(x,t) — Au(x, t) = 11m Dy, e)f(x —y, t —e)dy = f(x,t),

e—0

the limit as ¢ — 0 being computed as in the proof of Theorem 2.18:

/n®(y,€)f(x—y,t—S)dy—f(x,f)‘ < /}Rn<1>(y,€)|f(x—y,t—€)—f(x,t)|dy

< € + 3 — 0(e — 0).
B(x,0) part R"—B(x,0) part
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Finally, note that

<H|flle= =0

t
[l Ol < | [ fllee [ P(x =y, t —s)dyds
0 R”

ast — 0. ]

Remark 2.5. We can of course combine Theorem 2.18 and Theorem 2.19 to discover that

u(x, t) = /HCD(x—y,t)g(y)der/Ot/nq>(x—y,t—8)f(y,5)dyds

is, under the hypotheses on g and f as above, a solution of

ur—Au=f inR" x (0,00)
u=g¢ onR"x {t=0}.

Mean-value formula. Fix a time T > 0, and recall the definition of parabolic cylinder Ut
and its parabolic boundary I'r in Appendix A.1.5. Note carefully that Ur includes the top
U x {t = T}. The parabolic boundary comprises the bottom and vertical sides, but not
the top.

Though there is no simple formula analogous to the mean-value property for harmonic
functions, we still want to derive a similar theorem. For the heat equation, we need to
define the next

Definition 2.6. For fixed x € R",t € R,r > 0, we define the "heat ball”

E(x, t;r) := {(y,s) cR"™ s <t,D(x—y,t—s5) > rl”}

(x, t)

A “heat ball”

Remark 2.6. Let us gain some idea of what E(x, t; ) looks like. This is a region in space-
time, the boundary of which is a level set of ®(x — y, t —s). Note that the point (x, t) is at
the center of the top. Specifically, It is defined by

) ) ) ) 2
Thus in the time direction, we have t > s > t — -, where the lower bound comes from
4
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_ -y
the fact thate 4(—s) < 1. Furthermore

E(x,t;r)N{s =0} = E(x,t;r) N {s =t} = {x}.

Next, to find out the correct formula, we need to find a kernel K(x — y,t — s) such that

K(x —y,t —s)dyd
//E(x,t;r) (x 4 S) yas

is independent of r. Notice that

1 _ley> 1 _ Wy
e s > = e e 4= >1]
(47t(t —s))n/2 ~ (4r(t —s'))n/2 -

where t' = t/r?,s' =s/r?,x' = x/r,y' = y/r. Thus we have

K(x—1y,t— dd:/ K(x — 1y, t —s)r"2dy/ds’.
/E i) (x —y,t —s)dyds ) (x =y, t—s)r"=dy'ds

This implies
K(x',t") = K(x, t)r"2

when x’ = x/r, ' = t/r?. Now note that
E0,001) =4 — L o >l = Jo<r < L < (2nf) log -
T @rtyn2m 0 T T T AT Sunt [
and the integral over E(0,0;1) becomes

1/4m n/2 o(n42)/2,,(n4+2)/2 p L T
/ a {/ |x|2dx} dr =77 - /4 £ (ln—) dt.
0 |x[2<2ntIn 1L n+2 T (4+41) 0 art

7‘["/2
r(z+1)

Here we have used polar coordinates and the formula a(n) = for the volume of

n-dimension balls. Now setting s = 47t and using the formulas

AT (z) = /01 A1 <ln %) o dt,T(z+1) = zI'(z)

we will see after careful calculations that most terms cancel out and what remains is 4, i.e.

2
/ P et = 4,
E(0,0;1) t

This is exactly what we need.

Remark 2.7. Since we have mentioned E(0,0;1), we can draw exactly what it looks like
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when n = 1. Now

_ 1|2
E(0,0;1) = {(y,s) ER?:s < O,Wexp <_‘4(—ys‘)) > 1}

= {(y,s) €ER*:0< —s < %{,yz < 251n(—47rs)}.

|~y
4(—s)

To get —s < ﬁ one simply observe that exp (—

Hence the boundary of the heat ball is like this:

> < 1(s < 0), and thus v/ —47ms < 1.

=012 -0i1 0 0.1 02 0.3

-0:1

Theorem 2.20. (A mean-value property for the heat equation). Let u € C3(Ur) solve the heat

equation. Then
2

_1 x—y
u(x,t) = o //E(x,t;r) u(y,s) € _S)Zdyds

for each E(x, t;r) C Uy,

Proof. See pp53-54 of the book. There is a similar proof of Problem 2.17. O

Remark 2.8. The right-hand side involves only u(y, s) for times s < t. This is reasonable,
as the value u(x, t) should not depend upon future times.

Strong maximum principle, uniqueness.

Theorem 2.21. (Strong maximum principle for the heat equation). Suppose u € C2(Ur) N
C(Ur) solves the heat equation in Ur.
(i) Then
max u = max u.
Uy It

(ii) Furthermore, if U is connected and there exists a point (xo,ty) € Ut such that

u(xo, to) = maxu,
Ur

then u is constant in Uy,.

Remark 2.9. Assertion (i) is the maximum principle for the heat equation and (ii) is the
strong maximum principle. Similar assertions are valid with "min" replacing "max". If u
attains its maximum (or minimum) at an interior point, then u is constant at all earlier
times. This means, the solution will be constant on the time interval [0, ty] provided the
initial and boundary conditions are constant. However, the solution may change at times
t > to, provided the boundary conditions alter after f.
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Proof. Suppose there exists a point (xg, tp) € Ut with u(xp,tp) = M := maxu. Then for
Ur
all sufficiently small r > 0, E(xo, tp;7) C Ur; and we employ the mean-value property to

deduce

| xo —y/?
M = to) ——dyd
(0. fo) 4r”//x0t0, to—s) yds < M,

_ ]2
T // |:0 — 2 2dyds.
XO l’or O

Equality holds only if u = M within E(xo, to; 7). Consequently u(y,s) = Mforall (y,s) €
E (xo St 7).

Draw any line segment L in Ut connecting (xo, to) with some other point (yo, so) € Ur,
with sg < tg. Consider

since

ro :=min{s > sp : u(x,t) = M for all points (x,t) € L,s < t < to}.

Since u is continuous, the minimum is attained. For the sake of contradiction assume
ro > so. Then u(zp,r9) = M for some point (zg,79) on L N Ur and so u(y,s) = M on
E(zg, ro; r) for all sufficiently small » > 0. Since E(zo, rp; ) contains some point (x, t) with
ro— o < t < rg for some small o > 0, we have a contradiction. Thus ry = sy, and hence
u=Mon L.

Now fix any x € U and 0 < t < tg. There exist points {xg, x1,- - -, X = x} such that
the line segments in IR” connecting x;_; to x; liein U fori =1, - - - , m. (This follows since

U is connected.) Select times tg > t; > --+ > t;; = t. Then the line segments in R"*!
connecting (x;_1,t;_1) to (x;,t;)(i = 1,--- ,m) lie in Ur. According to the previous step,
u = M on each such segment and so u(x, t) = M. O

An important application of the maximum principle is the following uniqueness as-
sertion.

Theorem 2.22. (Uniqueness on bounded domains). Let ¢ € C(I'r), f € C(Ur). Then there
exists at most one solution u € C3(Ur) N C(Ur) of the initial/boundary-value problem

(39) ur—Au=f inlUr
u=g onlr.
Proof. If u and ii are two solutions of (39), apply Theorem 2.21 to w := +(u — ). O

We next extend our uniqueness assertion to the Cauchy problem — the initial-value
problem for U = IR". As the region is no longer bounded, we must introduce some
control on the behavior of solutions for large |x|.

Theorem 2.23. (Maximum principle for the Cauchy problem). Suppose u € C3(R" x (0, T]) N
C(R™ x [0, T]) solves

u—Au=0 inR"x(0,T)
u=g onR"x{t=0}

and satisfies the growth estimate
u(x,t) < A’ (x e R,0< < T)
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for constants A,a > 0. Then
sup u =supg.
R" x[0,T] R”

Proof. Firstassume 4aT < 1in which case4a(T +¢) < 1forsomee > 0. Fixy € R", u > 0,
and define

x—y|?
o t) = () = e T (x € R > 0)

A direct calculation shows

vr—Av=0 inR" x (0,T].

Fix r > 0 and set U := B%(y,r), and then Ur = B%(y,r) x (0, T]. Then according to
Theorem 2.21,

40 max v = maxo.
( !
Ur 1qT
For x € R”,
x—y?
(41) v(x,0) = u(x,0) — Mwe‘“”f) <u(x,0) = g(x);

andif [x —y| =7,0 <t < T, then

2 2

— H (Tre=t) alx|? H ITF
) = 1) — WT+e-h) < A — HT+e—t)
v(x,t) = u(x,t) (T+s—t)”/2e e (T—I—s—t)"/Ze
2
< Aea(\ny)z — Le4(T+s).
h (T + ¢)"/2
Because 4a(T + ¢) < 1, we have m > g, and so m = a+ 7 for some ¢y > 0. Then

we continue to find

o(x,t) < AW — p(a(a+ )" 27 Csupyg,
]Rn

for r selected sufficiently large. Thus this combined with (40) and (41), imply that v(y, t) <
supg forally € R",0 <t < T. Nowlety — 0.
R?’l

In the general case that 4aT < 1 fails, we repeatedly apply the result above on the time
intervals [0, T1], [Ty, 2Ty ], etc., for Ty = 81—{1. N

Theorem 2.24. (Uniqueness for Cauchy problem). Let ¢ € C(R"), f € C(R" x [0,T]). Then
there exists at most one solution u € C2(IR" x (0, T]) N C(R" x [0, T]) of the initial-value prob-

lem
{m—AuzO inR" x (0, T)

u=g onR"x{t=0}
satisfying the growth estimate

u(x, ) < A’ (x e R,0< < T)
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for constants A,a > 0.

Proof. If u and 7 both satisfy the conditions, we apply Theorem 2.23 to w := =+ (u — i) to
know thatw = 0inR" x (0, T). O

Regularity.
Theorem 2.25. (Smoothness). Suppose u € C3(Ur) solves the heat equation in Ut. Then

ue COO(UT)

Proof. Define C(x,t;r) = {(y,s) : |x —y| < r,t —r> < s < t} to be the closed circular
cylinder of radius 7, height 72, and top center point (x, t).

Fix (xo, tg) € Ut and choose r > 0 so small that C := C(xo, tp; ) C Ur. Define also the
smaller cylinders C" := C(xo, to; f’ir), C" := C(xo, to; %r), which have the same top center
point (xo, to).

Now we set a smooth cutoff function { = {(x, t) such that

0<?¢<L,l=1 on(C
¢ =0 near the parabolic boundary of C.

Extend ¢ = 0in (R" x [0, fo]) — C.

_—— (*¥0-80) ———

— S R— |
c’’
e —
c’
L T
~—— I
C

/f,’_—_ x
K /_/

Assume temporarily that u € C®°(Ur) and set
v(x,t) :=C(x, Hu(x,t)(x € R",0 < t < ).

Then
v = Cup + Cu, Av = {Au +2DC - Du + ulA.

Consequently vy — Av = {ju —2D{ - Du —uAf =: finR" x (0,tp) and v = 0on R" x {t =
0}. Now set

b(x,t) := /Ot/an(x—y,t—s)f(y,s)dyds,

and according to Theorem 2.19, 7 solves

9 — A5 =f inR" x (0,tg)
0 onR"x {t=0}.
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Since |v],|9| < A for some constant A, Theorem 2.24 implies that v = 7; that is,

v(x,t) = /Ot /Rn O(x —y,t—s)f(y,s)dyds.
Now suppose (x,t) € C". As { = 0 off C, then we have
w) u(x,t) = //C d(x —y,t —s)f(y,s)dyds = //C(ID(x —y,t—s)(vs — Av)dyds
= [0 =yt =9)[u(w,9)(:(v,5) = AL(15)) —2DE(y,5) - Du(y, )] dyds.

Note in the equation that

/ Dy(Dg(y,s)®(x —y,t —s)u(y,s))dyds
—/ ds/ sy DY) (x =yt = )uly,))dy
:/O ds /aB(xom)CD(x—y,t—S)u(y,S) (D¢(y,s)) -vdS(y) = 0.

=0 on oC

This implies, using integration by parts,

0=2| [ AL5)0(x 1 = )uly, )DLy, D — 1, = 5)aly)
(43)

+DC(y,s)®(x —y,t —s)Du(y,s)dyds|.

Adding (43) to (42), we obtain

uxt) = [ ulys)[@x —y,t = 5) (@ (y,5) - AL(y,))
+2D,®(x —y,t —s) - D{(y,s)]dyds.

(44)

We have proved this formula assuming u € C*. If u satisfies only the hypotheses of the
theorem, we derive (44) with u® = 7, * u replacing u, 77 being the standard mollifier in the
variables x and ¢, and let ¢ — 0.

Formula (44) has the form

(x,1) // x,t,y,8)u(y,s)dyds((x,t) € C"),

where K(x, t,y,s) = 0forall (y,s) € C'since { = 1 on C’. Note also K is smooth on C — C'.
Now we see u is C* within C”. O

Remark 2.10. This regularity assertion is valid even if u attains nonsmooth boundary
values on I't.

Energy methods. We investigate again the initial /boundary-value problem (39). We have
seen uniqueness in Theorem 2.22, but now, by analogy, with Laplace’s equation, we pro-
vide an alternative argument. Assume as usual U € R" is open and bounded, and JU is
CL T > 0is given.
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Theorem 2.26. (Uniqueness). There exists only one solution u € C2(Ur) of (39).
Proof. If il is another solution, then w := u — i solves

wt—Aw:0 inUT
w=0 onlIT.

Sete(t) := / w?(x,t)dx(0 < t < T), and so
u

e'(t) = 2/ wwpdx :2/ wAwdx = 2 {—/ Dw-Dwdx+/ wa—wdS}
u u u u ov

= —2/ |Dw|?dx < 0.
u

Hence e(t) < e(0) = 0, showing that w = u — il = 0 in Ur. O
Remark 2.11. Compare this theorem with Theorem 2.16.

A more subtle question asks about uniqueness backwards in time. Suppose u and i
are both smooth solutions of the heat equation in Ur, with the same boundary conditions
on oU:

ur—Au=0 inUr
(45)
u=g onolx]|0,T],
(46) Uy — Ail =0 in UT
i=g¢g onolx|[0,T].

Note that we do NOT suppose u = i at time t = 0.

Theorem 2.27. (Backwards uniqueness). Suppose u, i € C?(Ur) solve (45), (46). If
u(x, T) =1(x, T)(x € U),
then u = 1 within Ur.
Proof. Again write w := u — 1 and set
e(t) = /uw2(x,t)dx(0 <ELT).

As before
e (t) = —2/ |Dw|?dx,
u

and N
e'(t) = —4/ Dw - Dw;dx = —4 {—/ thwdx+/ wt—wdS}
u u au  ov

:4/ Aw - widx :4/ (Aw)?*dx
u u
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since wy — Aw = 0 in Ur. Now because w = 0 on dU, we employ Cauchy-Schwarz

inequality:
1/2 1/2
/ |Dw|?dx = —/ wAwdx < (/ wzdx) (/ (Aw)zdx> :
u u u u

(¢(t)* =4 (/u |Dw|2dx>2 <e(t)e’(t),

ie e(t)e(t) = (¢(t)*(0<t<T).

Now if e(t) = 0 for all 0 < t < T, we are done. Otherwise there exists an interval
[t1,t2] € [0, T], withe(t) > Ofor t; <t < tp, and e(tp) = 0. Write f(t) := Ine(t)(, <t <
t2). Then

Thus

and so f is convex on the interval (#1, f;). Consequently if 0 < T < 1, t; < t < tp, we have
(1=t +71) < (1= 1) f (1) + T ().
Hence Ine((1 —1)t; + t¢t) < (1 — 7) Ine(t) + Tlne(tp), which further reduces to
e((1—1)t +1t) < e 7T (t)e"(¢).

But
0<e((1=1)t +1h) <e(t)) ()" =000 < T < 1),

contradicting the claim thate(t) > 0 for t; < t < tp. O

Remark 2.12. In other words, if two temperature distributions on U agree at some time
T > 0 and have had the same boundary values for times 0 < ¢t < T, then these tempera-
tures must have been identically equal within U at all earlier times.

2.4 Wave equation

In this section we investigate the wave equation
(47) uy —Au =20
and the nonhomogeneous wave equation
(48) up — Au = f,

subject to appropriate initial and boundary conditions. Here t > 0 and x € U, where
U C R" is open. The unknown is u = u(x,t) : U x [0,00) — R. In (48) the function
f:Ux[0,00) = Ris given.

Remark 2.13. We shall discover that solutions of the wave equation behave quite differ-
ently than solutions of Laplace’s equation or the heat equation. Please always pay atten-
tion to the difference between them.
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Solution for n = 1, d’Alembert’s formula. We first focus our attention on the initial-value
problem for the one-dimensional wave equation in all of IR:

Uy —Uyy =0 InIR x (0,00
(49) tt XX ( )
u=gu=h onRx {t=0},

where g, h are given. We desire to derive a formula for u in terms of g and h.
Let us first note that the PDE in (49) can be "factored", to read

9 aN(a _aN, _ .
& a E au—utt Uxx = U.

Write v(x, t) := (% — %) u(x,t), and then v¢(x, t) + vx(x, ) = 0(x € R,t > 0). Thisisa

transport equation with constant coefficients. Applying the formula for the homogeneous
transport equation (with n = 1,b = 1), we find v(x,t) = a(x — t) for for a(x) := v(x,0).
Now we have

ur(x,t) —uy(x,t) =a(x—t) inR x (0,00).

This is a nonhomogeneous transport equation; so the formula u(x,t) = g(x —tb) +

8
/Otf(x + (s —t)b,s)ds (withn =1,b = —1, f(x,t) = a(x — t)) implies for b(x) := u(x,0)
that

x+t—2s=y 1 [X+tt

~ a(y)dy + b(x +t).
2 x—t

t
u(x,t) = / a(x+ (t—s)—s)ds+b(x+1t)
0
We lastly invoke the initial conditions of (49) to compute a and b. The first condition gives
b(x) = g(x), while the second implies a(x) = v(x,0) = u;(x,0) — uy(x,0) = h(x) — ¢'(x).
Our substitution now yields

uet) =3 [ 0ly) g )y + g +1),

Hence
x+t

g(x+1)+g(x—1)] + %/ h(y)dy(x € R, t > 0).

x—t

(50) u(x,t) =

N| =

This is d"Alembert’s formula.

Theorem 2.28. (Solution of wave equation, n = 1). Assume g € C>(R),h € C(R), and define
u by d’Alembert’s formula (50). Then

(i) u € C2(R x [0, 00)),

(i) upy — uxy = 0in R x (0, 00),

and

iii) lim  u(xt) = g(x), lim  w(x,t) = h(x°) for each point x° € R.
(x,t)—(x0,0) (x,t)—(x0,0)
£>0 t>0
Proof. This is a straightforward calculation. O

Remark 2.14. (i) Our solution u has the form u(x,t) = F(x + t) + G(x — t) for appropriate
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F and G. Conversely any function of this form solves u;; — uyy = 0. Hence the general
solution of the one-dimensional wave equation is a sum of the general solution of u; —
uy = 0 and that of u; 4+ u, = 0. This is a consequence of the factorization.

(i) if g € Ckand h € C*1, then u € C*¥ but is not in general smoother.

A reflection method. To illustrate an application of d’Alembert’s formula, let us next con-
sider this initial /boundary-value problem on Ry = {x > 0}:

(51) u=gu=h onRy x{t=0}
u=0 on{x=0}x(0,00),

where g, h are given, with ¢(0) = h(0) = 0.
We convert (51) into the form (49) by extending u, g, h to all of R by odd reflection.
That is, we set

ii(x,t) = u(x,t) (x>0,t>0)
T lu(xt) (x<0,620),
() e ) 8(%) (x > 0)
f= {—8(—x) (x <0),
) = {h<x> (x> 0)
—h(—x) (x<0).
Then (51) becomes
Uy = Uxx inR x (0,00)
i=gid;=h onRx{t=0}.

Hence d’Alembert’s formula (50) implies

(e, t) = 5@+ + 20— 0]+ [ hw)dy

Then

[g(x -+t +gx =] +3 [ny)dy  ifx>t>
Mg(x+t)—g(t—x)]+3 [ h(y)dy f0<x<

= N—=

(52) u(x, t) = { (Z

Spherical means. Now suppose n > 2,m > 2,and u € C"(RR" x [0,00)) solves the initial-
value problem

53 {utt —Au=0 inR" x (0,c0)

u=gu =h onR"x{t=0}.
Letx € R",t > 0,7 > 0. Define

U(x;r,t) = ][ u(y, t)dS(y),

dB(x,r)
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the average of u(-, t) over the sphere dB(x, r). Similarly,

Glvr) =4, 80)S(), Hisr) = f  h()ds(y)

x,r)
For fixed x, we hereafter regard U as a function of r and ¢.

Lemma 2.2. (Euler-Poisson-Darboux equation). Fix x € R", and let u satisfy (53). Then U €
C"(Ry x [0,00)) and

—1
Utt—Urr—nr U =0 inRy x(0,0)
U=G U =H onRyx{t=0}.

Remark 2.15. The term U,, + "74ur is the radial part of the Laplacian A in polar coordi-
nates.

Proof. As in the proof of Theorem 2.2 we compute for r > 0

r
54 Ur(xir,t) = 2 au(y, Hdy.
(54) (Kt = S AH Y
From this we deduce li%l+ U, (x;r,t) = 0. Next we differentiate (54) to discover that
r—
o (r 1
Urr(x,r, t) = g (EW /l;(x’r) Au(y, t)dy)
1 {(1—11)1/_”/ Au(y,t)dy + ! i/ Aud ]
~ na(n) B(x,r) A AT B(x,r) 4

1—n 1 a (7
= Aud ——/ d / AudS
no(n)rt /B(x,r) " y+n0c(n)r”_1 or Jo ; 3B(x,5) uds(y)

- (1 - 1> ][ Audy + Auds.
n B(x,r) dB(x,r)

1
Thus lirél+ Uy (x;7,t) = EAu(x, t). We can continue computing Uy, etc., and so verify
r—
that U € C"(R; x [0, 0)).

Continuing the calculation above, we see from (54) that

u, — 1][3 oy iy Y (59)

n
1 1
~ na(n) T /BW) iy

And so 1
(r”_lur)r = —/ MttdS = 1’”_1][ thtds = r”_luﬁ.
na(n) JoB(xr) 9B(x,r)
It follows immediately that U — U, — ”T_lllr =0. O

Solution for n = 3, Kirchhoff’s formula. Let us take n = 3, and suppose u € CZ(]R3 X
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[0,0)) solves (53). Recall the definitions of U, G, H and then set
U:=rU,G:=rG,H:=rH.

We now assert that U solves

(55) U=G U =H onR, x{t=0}
0 on{r=0}x(0,00).

Indeed, by
~ 2
Uy =rUy =71 {Uﬂ + ;Ur} by Lemma 2.2, withn =3
= rly +2U, = (U +rUy), = Uy
Notice also that G+(0) = 0. Applying formula (52) to (55), we find for 0 < r < ¢

- 1 - - 1 r+t
((x;r,t) = —[G(r—|—t)—G(t—r)]-|——/ FA(y)dy.
2 2 —r+t
Since lim U(x;r,t) = u(x,t), we conclude that
r—0*t
. U(x;r,t) . [G(t+r)=G(t—-r) 1 /“Fr - }
) =1 — 72 =] — H(y)d
R s T )y, MUY

= G'(t) + H(t).

By definitions of G and H we deduce

0
56 =2 t][ ds) +1 hds.
(56) u(xt) at( aB(x,t)g >+ 3B(x,t)

But
7Z ds = ][ + tz)dS(z);
3B(xf) g(y) (y) 3B(0,1) g(x Z) (Z)

and so

0 y—x
J— dS = D t ° dS — D ° dS .
ot (]gB(x,t)g ) ]gB(O,l) glx+tz)-2d5(z) ]éB(x,t) ) ( t ) )

Therefore we know 9 (t ][ gdS) and hence
9B(x,t)

ot

7)ot =f h(y) +3(y) + Dgly) -y ~x)dS(y)(x € Rt > 0).

This is Kirchhoff’s formula.

Solution for n = 2, Poisson’s formula. Now no transformation works to convert Euler-
Poisson-Darboux equation into the one-dimensional wave equation when n = 2. Instead
we will take (53) for n = 2 and simply regard it as a problem for n = 3, in which the third
spatial variable x3 does not appear. Indeed, assuming u € C?(IR? x [0,0)) solves (53) for
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n =2, let us write i(x1, X, x3,t) := u(xq, x2,t). Then (53) implies

for g(x1,x2,x3) 1= g(x1,%2), h(x1, x2,x3) := h(x1,x2). If we write x = (x1,x) € R? and
X = (x1,x2,0) € R3, then Kirchhoff’s formula in the form (56) imply

d ) .
58 HeaEt) =2 t][ 5d3 t][ 7dS,
(58) u(xt) = a(%1) al‘( aB(x,t)g )+ 0B(%,t)

where B(%,t) denotes the ball in R with center %, radius ¢+ > 0 and where dS denotes
two-dimensional surface measure on dB(%,t). Observe that

- 1 - 2
dS= o [ g)dSw) = s | 1+ Dy (y)[2dy,
Tt 895 = G2 Logren S8 0) = g [ ()14 1D (y) Pty
where y(y) = \/t2 — |y — x|? for y € B(x, t). The factor "2" enters since dB(%, t) consists of

1/2
. ly — x| ( t2 )
two hemispheres. Thus D = ,and /1 + |D 2= —m— ,
p 1Y) = 7= T V1+[Dy(y)l o ——

and hence

| g(v) t g(v)
ds = / d =—][ d.
Jémng 2t Joen (2= ly— 221727 = 2T5n) (2= |y — x2)12 Y

Consequently (58) becomes

Q [t g(y)
uln,t) = at( 7[<xt><t2—|y— 2172 ) 27[“ \y—x|2>1/2dy

But ( i)
d :t][ SrTRE) 4,
7[ |>1/2 I Toon) 1 — 21727
and so
J d
ot ][ x|2)1/2 4
x+tz Dg(x +tz) -z
o _dz+t d
][ 1—|z|2 1/2 + ][(01) (1—\z|2)1/2 z
_ g(v) ][ (y)-(y x)
—tﬁu,t) @y — Sy
Hence we obtain the relation
tzh(y) +tDg(y) - (y — x)
S Vg CELTR Ta N

for x € R?,t > 0. This is Poisson’s formula.

Remark 2.16. The trick of solving the problem for n = 3 first and then dropping to n = 2
is the method of descent.
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Conclusions of cases n > 3. In this part, you only need to notice the differentiability of
the solution, while the rest is for reference only. First, for odd n > 3, we again solve the
Euler-Poisson-Darboux PDE to gain the solution.

Theorem 2.29. (Solution of wave equation in odd dimensions). Assume n is an odd integer, n > 3,
and suppose also g € C"1(R"), h € C™(R"), for m = 51, Define u by

n=3 n—3
1|0 /10)\ 2 10\ 2
HN=—|=(-= =2 ds) (——) (t”2 hds) ,
un = [8t<t8t> ( 7€B<x,t>g \rar 7§B<x,t>

wherenisodd, vy, =1-3-5---(n—2),x € R"and t > 0. Then

(i) u € C?(R" x [0,00)),

(i) uy — Au=0in R" x (0,00),

and

(iii)) lim  u(x,t) = g(x%), Lm  ui(x,t) = h(x) for each point x° € R".

(x,t)—>(x0,0) (x,t)—>(x0,0)
x€R",t>0 x€R",t>0

While for even 1, we use the method of descent again. Define u by

n—2
_1fo (1o 2 [, g(y) )
ulwt) =2 [at (tat> (t Fro @ Ty a7

n—2
19N> [ h(y) ”
() " (" )|

where niseven, vy, =2-4---(n—2)-n,x € R"and t > 0. Then

Theorem 2.30. (Solution of wave equation in even dimensions). Assume n is an even integer,
n > 2, and suppose also g € C"+1(R"),h € C™(IR"), for m = "F2. Define u as above. Then
(i) u € C2(R" x [0,00)),
(ll) Ut — Au = 0in R" x (0, OO),
and
iii)  lim  u(x,t) = g¢(x%), lim  wu(x,t) = h(x0) for each point x° € R".
(x,£)—(x0,0) (x,£)—(x0,0)
xeR",t>0 xeR",t>0
Remark 2.17. In contrast to Theorem 2.29, to compute u(x,t) for even n we need informa-
tion on u = g, u; = hon all of B(x,t) and notjust on 9B(x, t).

Huygens” principle. Comparing the two theorems above, we observe that if n is odd
and n > 3, the data ¢ and & at a given point x € R" affect the solution u only on the
boundary {(y,t) : t > 0,|x —y| = t} of the cone C = {(y,t) : t > 0,|]x —y| < t}. On
the other hand, if n is even, the data ¢ and & affect u within all of C. In other words, a
"disturbance" originating at x spreads along a sharp wavefront in odd dimensions, but in
even dimensions it continues to have effects even after the leading edge of the wavefront
passes. This is Huygens’ principle.

Nonhomogeneous problem. We next investigate

(60) uy —Au=f inR" x (0,00)
u=0u=0 onR"x {t=0}.
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Motivated by Duhamel’s principle (cf. Theorem 2.19 and Appendix B.8), we define u =

u(x,t;s) to be the solution of

ug(;s) —Au(;s) =0 in R" x (s, c0)
u(-;s) =0,ue(;s) = f(-,s) onR" x {t =s}.
Now set
(61) u(x,t) = /Otu(x, t;s)ds(x € R",t > 0).

Duhamel’s principle asserts this is a solution of

Uy — Au = in R"” x (0, co
62) b foi (0, 00)
u=0,u=0 onR"x {t=0}.

Theorem 2.31. (Solution of nonhomogeneous wave equation). Assume that n > 2 and f €

Cl/2H1(R" x [0,00)). Define u by (61). Then
(i) u € C2(R" x [0,00)),
(11) Ut — Au = f in R" x (0, OO),
and
(ii)) lim  u(x,t) =0, lim u(x,t) = 0 for each point x° € R".
(x,t)—(x%,0) (x,£)—(x9,0)
xeR",t>0 x€R",t>0
Proof. The first assertion is straightforward from Theorem 2.29 and Theorem 2.30.
We then compute

t t
ur(x,t) = u(x, t;t) +/ ur(x,t;5)ds = / us(x, t;s)ds,
0 0
t t
up(x,t) = up(x, t;t) +/ up(x, t;s)ds = f(x,t) —1—/ up(x, t;s)ds.
0 0

Furthermore

' t
Au(x,t) :/ Au(x,t;s)ds :/ up(x, t;s)ds.
0 0

Thus u(x,t) — Au(x, t) = f(x,)(x € R",t > 0) and u(x,0) = us(x,0) = 0(x € R").

Example 2.1. Solve (62) for n = 1. In this case d’Alembert’s formula (50) gives

t1 px+i— s x+it— s
u(x,t) = / (x,t;5)ds = / /x " y)dyds = 2/ /x - s)dyds.

That is,
1 t px+s
u(x,t) = —/ / f(y,t—s)dyds(x € R, t > 0).
2Jo Jx—s

Example 2.2. Solve (62) for n = 3. In this case Kirchhoff’s formula (57) implies

u(x, t;s) = ]gB(x,t_S)(t —s)f(y,s)dS
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so that

u(x,t) = /t(t_s)]éth s)f(y, s)dSds = —/ /Bth ) ft(y_'Z;des
4n;/lAer %r St =1 4sqy.

1 — |y —
u(x,t):—/ fy,t=ly x|)dy(x€]R3,t>O).
47t Jpxe) |y =+
Now we almost finish Chapter 2. Before we move on to the last part, you could stop
and think about the different ways to solve different types of equations. The following
diagram takes the wave equation as an example to illustrate how it is solved.

Therefore

oy —Av =0 uy — Au = f(x,t)
”
o(x,8) :{ o(x,t=0) = g(x) ——s u(x,t) 14 u(x,t=0) = g(x)
ve(x,t =0) = h(x) ui(x,t =0) = h(x)
VOSsgtM superpositionH
Zi — Az =0 wy — Aw = f(x,t)
Duhamel’s princ.
z(x, t;s) : Z(x,t = s;s) =0 _ w(x, t) . w(x,t = O) =0
zi(x,t =s;5) = f(x,s) wi(x,t=0)=0

Energy methods. Let U be a bounded, open set with a smooth boundary oU. Set Ur =
U x (0,T],Tr = Ur — Uz(T > 0). Consider the initial /boundary-value problem

uy —Au=f inUr
(63) u=g onlyt
ur="h onU x {t =0}.

Theorem 2.32. (Uniqueness for wave equation). There exists at most one function u € C?(Ur)
solving (63).

Proof. 1f il is another such solution, then w := u — i solves

wtt—Aw:O inUT
w=0 onIr
wy =0 onU x {t =0}.

Define the "energy"

E(t) = %/uwf(x,t) + |Dw(x, )[2dx(0 < t < T).
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We compute

d
'(t) :/ wiwy + Dw - Dwdx :/ wiwy — wiAwdx + wt—wdS( )
u u ou oV

—_ / wt(wi’t — Aw)dx = O
u

There is no boundary term since w = 0, and hence w; = 0, on dU x [0, T]. Thus for all
0<t<TE()=E(0)=0,and so wy, Dw = 0 within Ur. Since w = 0on U x {t = 0},
we conclude w = u — i = 0 in Ur. ]

The domain of dependence is another illustration of energy methods. Suppose u € C?
solves uy — Au = 0in R" x (0,00). Fix x9 € R",tp > 0 and define the backwards wave
cone with apex (xg, to) : K(xo,to) := {(x,1) : 0 <t < to, |x — xo| < to— t}.

(x 0r = 0 )
o

Cone of dependence

Theorem 2.33. (Finite propagation speed). If u = uy = 0 on B(xg,tp) x {t = 0}, then u = 0
within the cone K(x, to).

Remark 2.18. We see that any "disturbance" originating outside B (xo, tg) has no effect on
the solution within K(xo, fy) and consequently has finite propagation speed. We already
know this from the representation formulas of Theorem 2.29 and Theorem 2.30, at least
assuming ¢ = u and h = u; on R" x {t = 0} are sufficiently smooth.

Proof. Define the local energy

1
- -/ 12(x,t) + | Du(x, £)2dx (0 < t < to).
2 X0 i’o—t

Then
:/ usuyt + Du - Duydx — —/ ut + |Du|2dS
B xo to— l’ 0B(xq,tg—t)
:/ ¢ (e — Au)dx + auutdS — u? + |Du|*dS
B xo i’o i’ aB(xO i‘o t) 81/ 2 aB(xo,to—t)
1 1
= —u — Z|Dul?ds.
/83 XO to— f aV £ 2 2| |
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ou 1 1

3,1 = |(Du -v)uy| < |Dul|us| < zu%+§|Du|z
by the Cauchy-Schwarz and Cauchy inequalities. Hence ¢/(t) < 0, and so e(t) < e(0) =
0(0 < t < tp). Thus uy, Du = 0, and consequently 1 = 0 within the cone K(xo, to). O
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2.5 Summary

The following table is a brief summary of the last three equations in this chapter.

Type M-V property

Maximum princ. Smoothness

Laplace’s equation

Elliptic Theorem 2.2

Theorem 2.4 Theorem 2.6

Heat equation

Parabolic Theorem 2.20

Theorem 2.21 Theorem 2.25

Wave equation

Hyperbolic -

- Loss of regularity

Uniqueness of Cauchy prob.

Some other properties

Laplace’s equation

Theorem 2.5

Theorem 2.8, 2.10, 2.11

Heat equation

Theorem 2.22, 2.24

Inf. prop. speed; no time reversal

Wave equation

Finite prop. speed; time reversal
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2.6 Problems

In the following exercises, all given functions are assumed smooth, unless otherwise
stated.

Problem 2.1. Write down an explicit formula for a function u solving the initial-value
problem

ur+b-Du+cu=0 inR" x (0,00)
u=g¢ onR" x {t=0}.

Here c € R and b € R" are constants.

Proof. Fix x € R" and t € (0, +o0) and consider z(s) := u(x + bs,t +s) for s € R. Then
we have

Z(s) =b-Du(x +bs, t +s) +us(x +bs, t +s) = —cu(x + bs, t +s) = —cz(s).

Now the PDE reduces to an ODE, and solving the equation z(s) = —cz(s) gives z(s) =
De ™ for some constant D. To solve D we let s = —t, and

z(—t) = u(x — tb,0) = g(x — tb) = De"".

Therefore D = g(x — tb)e .. Thus, u(x + bs,t +s) = g(x — th)e /=%, and letting s = 0
implies that u(x,t) = g(x — th)e . O

Problem 2.2. Prove that Laplace’s equation Au = 0 is rotation invariant; that is, if O is an
orthogonal n X n matrix and we define

v(x) :=u(Ox)(x € R"),
then Av = 0.

Proof. An abstract proof. We shall use some properties of gradient and divergence, and the
fact that the Laplacian of f is Af = div - Vf. Note that

Av(x) = (div - V)v(x) = (div - V)u(Ox)
= div(O(Vu)(Ox)) = O (div(OVu))(Ox)
= 0TO(div - V) (u)(Ox)
= Au(Ox) = 0.

A brief proof. Write O = (a;;) and by chain rule we have
n
vy, (X) = Z x, (Ox)ay.
k=1

Thus

non
Oy; xl Zakz <Z uxkxl (Ox) alz) = Z 2[1 iAlilxx, (Ox).

k=11=1
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Since O is orthogonal, we have OO = I, i.e.

1, ifk=1
0, ifk # 1

n
Z kil =
i=1

Thus the Laplacian of v is

Av

|I
E
1=

N
I
—_

k

n n n
5 ot ©9) = 1 5 (09 Lo
11=1 k=11=1 i=1

Uxxy (Ox) -1 = Au(Ox) =0,

I
[\1:

>\~
I
N

as desired.
A detailed proof. Let y := Ox and O = (a;;) as above. Thus,

v(x) = u(Ox) = u(y)

where y; = Z ajix;. This then gives that
i=1

Ox = )y = )yl
j=1 b=
Thus
0 J
Uxy aip -0 am ﬁ ﬁ
= — 0T
Ju Ju
Ox, A1y .. AQun m m
— Dyo=0"Dyu.
Now,

Av = Dyv - Dyv
= (O"Dyu) - (O"Dyu) = (O"Dyu)*O"Dyu
= (Dyu)"(0")TO"Dyu = (Dyu)" OO Dyu
= (Dyu)"Dyu  because O is orthogonal
= (Dyu) - (Dyu) = Au(y) = 0.

Hence we finish the proof.

Problem 2.3. Modify the proof of the mean-value formulas to show for n > 3 that

1 1 1
u(0) = 7€B<o,r> 895 = 2)a(n) /B<o,r> (|XI”‘2 - r_—2> fdx

provided
—Au = f inB%(0,7)
u=g ondB(0,r)
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Proof. Define

and we shall have

'(s) = -zdS(z SR u(y) Y
$(5) =, o, Duls2) =d8(2) = oo | Duly) Sas(y)

1 ou Green’s formula S 1
na(n)sn—1 /E)B(O,s) v ) na(n)s" J(os) “)dy
S
= — A dy.
n]é 0 u(y)dy

Let e > 0 be given, and using integration by parts we get

#e) o) = [ ¢/
- [ ( ][ £y dy) ds  because Au(y) = —f(y)
:/s (W/m)f(y)dy)ds /s” 1/ fly)dyds
S 1n>(( ) ﬁ L F4S0)5)
( =T <y>ds<y>ds—rf_2 [ fars o [ ay)
= === / fly dyH)

Observe that

I < =

| (0,€)] - || f(y )HLOQ Bon) S Ce?  for some constant C > 0

and

[t [, st = [ f | MBas

As e — 0 we have

y)ds:/ 50 &’(Txldx

L) [ e

Thus

lim ¢(e) — = —hm/ ¢ (s

e—0 e—0

Zm(/ s [ wa )

=l —12)zx(n) /Bm,r) (m}iz - 7”12) fx)dx.
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Moreover, note that

. L 1 _
21_13%4’(5) = lg%m 9B(0) u(y)ds(y) = u(0),

which is given by the last formula of Theorem 2.1. Finally, we calculate

1 1 1
O = 0) i o (s ~ ) S0

1 1 1
(s u(y)dS(y) + n(n—2a(n) Jsom <|x|"—2 _r”—z) f(x)dx
1 1 1
== dS —/ - d ,
0B(0,r) g+ 1’1(71 — 2)0&(1/1) B(0,r) (|x|n—2 I’”_2> f X
so we are done. =

Problem 2.4. Give a direct proof that if u € C2(U) N C(U) is harmonic within a bounded
open set U, then

max u = maxu.
u ou

(Hint: Define u, := u + ¢|x|? for ¢ > 0, and show u, cannot attain its maximum over U at
an interior point.)

Proof. As per the hint, define u, := u + e|x|2, and clearly u < u, for all ¢ > 0. Since
dy,|x|? = 2x; and u is harmonic, we have

Au, =0+2ne >0 forx e U.

As u, is continuous on the bounded and closed U, u, can achieve its maximum and min-
imum on U. Now for sake of contradiction, suppose that u, attains its maximum at an
interior point xo of U. Analysis tells us that D?u.(xo) = Hess(u¢(xg)) is negative semi-
definite and algebra gives that the trace of a negative semi-definite matrix is non-positive,
causing a clear contradiction since

0 > tr(D%ue(xg)) = Aue(xg) > 0.
Therefore, xg cannot be local maximum of u,, so we conclude that

max U, = max Ug.
u ou

We assume U C B(0, R) for some R > 0 since U is bounded. Then

max 1 < max iy = max iy < maxu —l—maxzz]x|2 < maxu + eR2.
u u ou ou ou ou

By letting ¢ — 0 we get maxu < max u. Finally, since oU C U, we conclude that maxu =
u u u
max u, proving the result. O
u
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Problem 2.5. We say v € C?(U) is subharmonic if
—Av <0 in U.

(a) Prove for subharmonic v that
v(x) < ][ vdy forall B(x,r) C U.
B(x,r)

(b) Prove that therefore maxv = rralax 0.
u u

(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic and v := ¢(u). Prove v
is subharmonic.
(d) Prove v := |Du|? is subharmonic, whenever u is harmonic.

Proof. (a) The proof starts out being essentially the same as the mean-value formulas for
harmonic functions. Set

$r) =, oW)ds)

and we obtain as in Theorem 2.2

ForO<e<r, )
/E ¢'(s)ds = ¢p(r) — ¢p(e) = 0.

Similarly, we have v(x) = lim ¢(¢) < ¢(r). Therefore,

e—0
1 .
]é(x,r)v(y)dy - w(n)rn /B(x,,)v(y)dy = zx(n)r”/o (/BB(x,s)U(Z)dS(Z)) ds
:rx(iw /0’ na(n)s" ' p(s)ds > rln/or ns"1o(x)ds = v(x).

(b) We only need to make a tiny change to the proof of the maximum principle. Suppose
U is connected and there exists a point xo € U with v(xg) = M := maxv. Then, for
u

0 < r < d(xp,0U), use the result of part (a):

M=o(x) < | oly)dy<M,

B(xo,7)

which then forces v(y) = M for all y € B(xo,r). Hence theset S = {x € U : v(x) = M} is
both open (because every point of S is an interior point) and relatively closed (because v
is continuous) in U and thus equals U since U is connected. Hence v is constant in U and

also in U since v is continuous, and we conclude that max v = maxv.
u ou

Now let {U; : i € I} be the connected components of U. Pick any x € U and find j € I
such that x € U;. We then obtain

v(x) < maxv = maxv < maxv

u]' an ou
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for all x € U and the result follows.

(c) Convexity and smoothness of ¢ implies that ¢” > 0. Now straight calculations show
that

d¢p 0%, 9

Ux,- - E”xi/ Uxix]- - auz X; + gux,-xj

— Av = - _824) - 2 a‘P Y/ 2
U_vaz'Xi—ﬁZ”xi"‘a_A”_‘P |Dul” >0,
i—1 u=ia u

implying that v is subharmonic.

n
(d) Proof 1. First note that v = |Du|? = u?ci, and so
i=1

n n
— § _ 2
Ux]- - 2 uxiuxixjr Ux]x] - 2 (uxixj + uxiuxixjxj)
i=1 =1

1=

1

1 n n n n n
— EAU = Z Z(uiixj + Mxiuxixjxj) = Z Z uJZC'X* + Z uxi(Au)xi > 0.
j=1li=1 j=1li=1 i=1

By definition v is subharmonic.

Proof 2. We know that if u is harmonic, u,, is harmonic. Moreover, u%i is convex with

respect to uy,, so from (c) we know that (uxi)2 is subharmonic. Obviously the sum of
n

subharmonic functions is still subharmonic, so v = [Du|* =} _(uy,)
i=1

2 is subharmonic. [

Problem 2.6. Let U be a bounded, open subset of R". Prove that there exists a constant C,
depending only on U, such that

<C
mL_?X\u! (nggx 8] + max 1f1)

whenever u is a smooth solution of

—Au=finlU
u=g onol.

|x*

i L= < 7 = .
(Hint: —A(u + o A) <0, for A m§x|f|)

Proof. Suppose that f is bounded on U (otherwise the inequality naturally holds). Now
following the hint, we consider the function v(x) := u(x) + %A, where A := max|f].
u
Then we calculate )
Av=Au+n—A=A—f>0,
v utns f=0
implying that v is subharmonic. Since U is bounded, M := max |x|? exists and is finite.
a

The weak maximum principle as in the previous problem which holds for subharmonic
functions gives that

M
max ¥ < maxv = maxv < max |g| + =— max | f].
u u ou ou 2n [
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Replacing u by —u in v and we have

M
max —u# < maxv = maxv < max |¢| + = max |f].
u u ou ou 2n 1

Combine the two equations above and set C := max{1, M}, and we have

<C .
mLf;1><|u| (r33X|g| + max f1)

Finally, since M only depends on U, we see that C does as well. O

Problem 2.7. Use Poisson’s formula for the ball to prove

SRt

o, r—|x| _
T’n ZWH(O) < M(X) < rn 2

whenever u is positive and harmonic in B%(0,7). This is an explicit form of Harnack’s
inequality.

Proof. First recall Poisson’s formula for the ball:

P

8(y)
u(x) = Josion Ty 5 () (x € B(0.1))

no(n)r

solves Au = 0in B%(0,7) and u = ¢ on dB(0, 7). Second, the triangle equality |y| — |x| <
[x —y| < |x[ +|y| gives

1 < 1 < 1
(r+lxD)m = e —yl* = (r = x])"

for every y on 0B(0,7) and x in B%(0,7). Now combining the two equations above we
obtain (taking the first half of the inequality as an example)

u(x): (r+|x| (r_|x|)‘/a g(]/) dS(y)

noc)(n)r B(0r) |x — y|"
n—2
> i Do T RS0 = i T 950
= (r —rk_lx||3)c’|1_17€3(0,r) $w)dSly) = rn_z#’%][w(oﬂ) H)asty)
mean-value formula ;> v 1—|x!|9)f”1_1 1(0).
The proof of the second part is exactly the same. O

Au=0 inB%0,r)

for
u=g¢ ondB(0,r)

Problem 2.8. Prove Theorem 2.15. (Hint: Since u = 1 solves {

¢ = 1, the theory automatically implies
K(x,y)dS(y) =1
/33(0,1) (x:y)dS()
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for each x € B%(0,1).)

Proof. (i) First recall that
(64 w@ = [ KEysw)as(y)

By definition, G(x,y) is smooth and harmonic for x # y, and hence, given ¢ > 0, there
exists 6 > 0 such that
|ID*K(x,y) — D*K(x0,y)| < €

for derivatives of any order whenever |x — x| < ¢ (this statement is equivalent to the
continuity of D*K(x, y)). Since 0B(0, ) is compact, we see that

Du(x) = [ o) DEK ()8 ).

This is done through the mean value theorem (see Theorem 9.42 of Principles of Mathemat-
ical Analysis by Rudin) or the dominated convergence theorem(see Theorem 2.27 of Real
Analysis by Folland). Noting that g is bounded since it is continuous on a compact set, we
obtain

ID%u(x) — D*u(xo)| < /

D*K(x,y) — D*K(xo, d
oy [P0 ) = DK (x0,9) g )y

< d
e /aB o 1g(y)|dy

< na(n)el|gll1=@p(0,)) — 0asx — xo.

Hence u is smooth.
(ii) It is clear by the above that

Mux) = [ AeK(xy)g(y)dy =0

(iii) In this section we are to show that xll)rgcl u(x) = g(xo) for arbitrary xo € 0B(0,7). We
0

will conduct a similar process as in the proof of Theorem 2.14. Fix xg € 9B(0,r),e > 0.
Choose sufficiently small § > 0 so that [g(y) — g(x0)| < € whenever |y — xo| < J,y €
B(0,r). Moreover, since g is defined in a bounded compact set B(0, r), it is also bounded,
and thus we assume that |¢(y)| < M. Now equation (64) in (i) gives that

() g0l = | [ K (ey)asy) — [ )k ydsy)

9B(0,r)

Lo, (800 = sGz)K G s (1)
< Ly 18) ~ 80 K(xp)dS(y)
18 () — &(x0) [K(x, y)dS(y)+

18(y) — g(x0)|K(x,y)dS(y)

/BB (0,7)NB(xq,9)

/E)B(O,r)—B(xo,(S)
=:1+4+].
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Again by (64) we have

I< / K(x,y)dS(y) < / K(x,y)dS(y) = .
aB(O,i’)ﬂB(Xo,é) £ (x y) (y) € aB(O,T) (x y) (]/) €
Furthermore, if |x — x| < /2 and |y — xo| > J, then

0 1
Y —xol <y = x|+ [x —x0 <ly — x|+ 5 <[y —x[+ 3]y —xl,

which is |y — x| > |y — x¢|/2. So

r? — |xf? 2'(r? —|x?) 1 2"(r? — |x[?)
(n)rlx —y|" na(n)r |y —xo|" = na(n)ré"

K(x,y) = -

for |x — xo| < d/2and y € 9B(0,7) — B(xp, ). By the triangle inequality, we have |g(y) —
g(x0)| < 2M. Consequently

prm - K 7 dS
I= Lo siacsy 50 ~ 0K 1)AS )
2'(r — |x?)
9B(0,r)—B(x,0) ha(n)ro"
ont1pn—1

— (P |x|2)5—n —0 (|x| >rasx— xp€9B(0,r)).

2"(r? — |x[?)

<2M no(n)ro™

dS(y) < 2M na(n)r

Finally we conclude that |u(x) — g(x0)| — 0 as x — x, as desired. O
Problem 2.9. Let u be the solution of
Au=0 inR"
u =g ondR’

given by Poisson’s formula for the half-space. Assume g is bounded and g(x) = |x| for
x € dR", |x| < 1. Show Du is not bounded near x = 0. (Hint: Estimate M.)

Proof. According to Poisson’s formula (26) for half-plane, we have

u(x): Zx” / g(]/) dy.

na(n) Jory [x —y|"
Consider
u(Aen) —u(0) 2 / sW) g,
A na(n) Jorn [Aey —y|"

2 ly| / g(y)
_ d d
no(n) /amm{y|<1} A2+ [y2) 7Y +noc(n) aR" N{Jy|>1} (A% + |y|?)"/2 Y

2 ly|
> dv.
ne(n) /B<o,1> A2+ [y]2) 2 Y
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According to the Monotone convergence theorem, we have

| i Y
] / d :/ W=
250 Json W+ yP72 ™ Json Tyl T

This implies that 1, (Ae,) — 00 as A — 0. Hence Du is not bounded near x = 0. O

Problem 2.10. (Reflection principle)
(a) Let U™ denote the open half-ball {x € R" : |x| < 1,x, > 0}. Assume u € C>(UT) is
harmonic in UT, with u = 0 on oU™ N {x,, = 0}. Set

(x) u(x) ifx, >0
v(x) :=
—u(xy, -, xy_1,—xy) ifx, <0

for x € U = B%(0,1). Prove v € C?>(U) and thus v is harmonic within U.
(b) Now assume only that u € C2(U") N C(U"). Show that v is harmonic within U. (Hint:
Use Poisson’s formula for the ball.)

Proof. (a) We can directly calculate Av = 0 when |x,| > 0. Now it suffices to prove
that D?v exists when |x,| = 0 and Av = 0 on {x, = 0}. First we assert that for any
xo € {x, = 0},n > k, we have

li = li
im O (¥) = im0 (x)

since u € C2(UT).
Using the continuity of D?u again, we obtain

n—1 92 92
— — = i A = 0.
i; axz.zu(xo) + avzu(xo) xn>&rj{1_>x0 u(x) =0
92
Additionally we know that uy,y,(x9) = 0for 1 <i < n —1, and thus mu(xo) = 0 where
92
v = —ey. Consequently Wv(xo) = 0, where v = e, or —e;, which is equivalent to

Ux,x, (X0) = 0. Then we have Av(xp) = 0, implying that v is harmonic and v € C?(U).
(b) We employ Poisson’s formula for the ball to find that

o= [ Kw)oy)dsty),

where K(x,y) denotes Poisson’s kernel. We have shown that K is harmonic and that
K(x,y) € C?(B(0,1)), and so we find that

Jdo(x) K (x,v)
= /BB(M) o ey)ds(y).

K (x,y)
axi

Since v is continuous on dB(0, 1), we see that v(y) is continuous and hence so is
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the integral, and so v(x) € C!(U). Similarly, the second derivative is easy to calculate:

azv(x) B BZK(x,y)
- /BB(M) T2 o (y)dS(y)

ox?

So that v € C?(U). Finally, note that K(x, y) is harmonic:
po(x) = [ AK(xy)o(y)dS(y) = 0.
o(x) = [ on) (x, y)o(y)dS(y)

Hence v is harmonic, and we are done. [l

Problem 2.11. (Kelvin transform for Laplace’s equation) The Kelvin transform Ku = i of a
function u : R" — R is

i(x) = u(%)|%|"72 = u(x/[x]?) |x[*7"(x # 0),

where X = x/|x|2. Show that if u is harmonic, then so is .
(Hint: First show that Dy%(Dy%)T = |%|~*I. The mapping x — ¥ is conformal, meaning
angle preserving.)

Proof. First define ¢ : R" — R" by ¢(x) = % and compute

where J;; is the Kronecker symbol. Hence

. la oY 2 T /(2
D = = I—-2
= (2@, 20, 2 ) = - 2
(|x> —2x)[x|™*  —2xpxalx|™* - —2xpx,[x|
—2xoxp]x|™% (|x2—2x3)|x|7* - —2xx,|x|
=| —2x3xp]x|* —2x3%0[x[7H e = 2x3a[x]7H
—2x,x1 | x| —2xpx0)x| 7 e (|x2 —2x2) |x|H

and this implies that DyX(Dy%)T = |x|~*(I — 4|x| 2xxT + 4|x| *xxTxxT) = |2 41
We now calculate Ay; since

z/Jx X = —2|x|_4(x]~ + 2(5i]~xi) + 8|x|_6xi2x]',

we have

Ayl = thx X = Z 2|x|_4(x]- + 20;x;) +8|x|_6x12xj)
i=1

n
= —2]x]*4 Z(x]- —|—2§i]-x,-) + 8]x|*6x]~ lez
i=1 i=1
x.
= 2|x|(n+ 2)x; + 8|x]*4x]- —2(2 —n)—L,

x|4
55



implying that
X

Al[)—Z(Z—Tl)| s

Therefore by applying the product rule A(uv) = uAv +2Vu - Vo + vAu and calculating
the composition rule

M(p(x) = 1 gau(v(o) = Lot (2 u(p(x) a%wf)

n n 2 -
:Z(.ZZ e u(p(x)) s (p(x)) s ax1¢]+z a_l’)])

we obtain
A= Au(x/|x[?)x[P") = u(2)A(|x[*") +2Da - D(|x[*™") + [x[> " Au(x)
= u(%)A(|x|*™") +2DuDx(D|x|*"™)* + |x|> " (Du - Ax + tr((Dx)TD*uDx)).
Note that

n
2— n 2—n _ _ N,
|x| Zlaxaxl| | Zaxl n)|x| xl
=) (2—n)(=nlx| 727" + [x]7") = (Z |x|n+2
i=1

and
tr((Dx)'D*uDx) = tr(D%(Dx)'D?u) = |x|~*Au = 0.

Meanwhile, we have

T
2DuDx(D|x|2™T = 2Du 1|72 (1=222) ) (2 = n)|x| "x
|x|?

=2(n —2)|x|"2"Du-x = —|x[>"Du - (2(2 —n)

2—n =
— | = —|x|7""Du - Ax.
)~
Therefore Aii = 0 and so the Kelvin transform preserves harmonic functions. O

Problem 2.12. Suppose u is smooth and solves u; — Au = 0in R" x (0, o).
(a) Show u, (x,t) := u(Ax, A%t) also solves the heat equation for each A € R.
(b) Use (a) to show v(x,t) := x - Du(x,t) + 2tu(x, t) solves the heat equation as well.

Proof. (a) By direct calculations we have

orup(x, t) = /\zut(/\x, Azt),
Ox;up(x, 1) = Auy, (Ax, /\zt),a,zciu)\(/\x, Azt) = /\Zuxixi(/\x, Azt),
— Juy — Auy = A*u(Ax, A%t) — AAu(Ax, A*t) = 0.
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(b) We derive u, with respect to A to obtain
oup(x,t) = xDyu(Ax, A%t) 4+ 2Atus(Ax, A%t).

Since u is smooth, so is u,, and thus the derivatives commute. More precisely, by (a) we
have

(0t — Ax)(9prup(x, b)) = 9 (0pup(x, t) — Ayup(x,t)) = 0.

Hence 0)u,(x,t) solves the heat equation for A € R. Set A = 1 and then xD,u(x,t) +
2tuy(x, t) solves the heat equation. O

Problem 2.13. Assumen = 1and u(x,t) =v (i>

Vi

(a) Show
Ut = Uyxx
if and only if
(+) M+§dza

Show that the general solution of (x) is

2
v(z) = c/ e /4ds +d.
0

(b) Differentiate u(x,t) = v X with respect to x and select the constant ¢ properly, to
NG p properly,

obtain the fundamental solution ® for n = 1. Explain why this procedure produces the
fundamental solution. (Hint: What is the initial condition for u?)

Proof. (a) Definez: R x R — R by z(x,t) = x/+/t. Then

x 1 x
ur(x,t) = 9o (%) = _5153_20/(Z(x't))
uy(x,t) = 0y (%) = itv’(z(x, t))
1 x 1
Uy (x, 1) = xﬁv’ E) = ~0(z(x, 1))
So
Ut = Uxy
1
§t3/2v’(z(x, t)) = —ov'1(z(x,t))
— - %z(x,t)z/(z(x,t)) — ' (2(x, 1))
— 0"(z) + gv’(z) =0
The last equation is exactly what we want.
By () we know that v” /v' = —z/2, and consequently,
1" 2
Inv' = /Z;—, +C = —ZZ +C = d(z2) = ce =/4
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where ¢ = e©1 is constant. Integrate the equation above to get

z z 2
v(z) = / v'(s)ds +d = c/ e S /4ds +d,
0 0

as desired.
(b) It is obvious that
x/\t
v (i) = c/ e /4ds +d
Vit 0
and

ux(x,t) _ Z)/(i) — ie—x2/4t.

ViVt

Now we want to integrate over R and set the integral to 1. Thus we get

1= 5 /Oo e S /4 s,
Vil

But we already know that / e’ds = /71, and so we let y = s/+/4t. Hence dy =

—00

(4t)~1/2ds, and by substituting we obtain

= % /_ Vite Vdy = 2cv/7,

1 2
hence ¢ = 1/(2+/7). Therefore ®(x,t) = ——e ¥ /4,
Vart

Now u(x,t) e %"/4ds and we shall explain the reason why ® defined above

ol
is the fundamental solution of the heat equation. We can analyze the behavior of u(x, t)
near t = 0. The sign of x matters:

x>0: lim u(x,t) _*ds =

t—0t 2\/_ /

0 1
<0:1 ) / = [TeTds = -2 = u_(x,0).
X t_1>r(r)1+u(x 2\/_ ds = \/Eoe s > u_(x,0)
This shows u(x,0) is a step function with one jump at x = 0 of height 1, and undefined at
x = 0. Now note that u,(x,0) exists and equals 0 for x # 0. Now for any ¢ € C°(R) we
write

®© 1
e ¥'ds = = =: u(x,0),
0 2

" ws0pax = [~ a0/ mar=— [ u(x 0)¢/ (x)dx — [ 1w (x,0)'(x)dx
5 [t [T 0ar=e0) = [~ e

implying that uy(x,0) = Jdp(x). This is the initial condition satisfied by the fundamental
solution, hence it is no surprise that we have reached the fundamental solution. ]
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Problem 2.14. Write down an explicit formula for a solution of

up—Au+cu=f inR"” x (0,00)
u=g onR"x{t=0},

where c € R.
Proof. Setv(x,t) = u(x,t)e’. Then
v — Av = ue + uce® — e“"Au = e (uy — Au+cu) = e f

and it is clear that v = ¢ on R" x {t = 0}. Using Theorem 2.19, the function

o(ut) = [ @G-y gy + [ [ @(xyt—s)f(y,s)edyds

solves the equation. Thus u(x,t) = v(x,t)e ' solves the system of equations. O

Problem 2.15. Given g : [0,0) — R, with ¢(0) = 0, derive the formula

for a solution of the initial /boundary-value problem

U — Uyy = 0 in R4 X (0,00)
u=0 onR; x {t =0},
u=g on{x =0} x[0,0).

(Hint: Let v(x,t) := u(x,t) — g(t) and extend v to {x < 0} by odd reflection.)

Proof. We follow the hint and extend our function v(x, t) := u(x,t) — g(t) to {x < 0} by
odd reflection, i.e. define v(x,t) = —u(—x,t) + g(f) when x < 0. Then the system of
equations is transformed into

or(x,t) — vxx(x, 1) = —g'(t) in R, x (0,00)
(X, t) — vxx(x,t) = 8'(t) inR_ x (0,c0)
v=0 onR x {t =0}
v=0 in {x =0} x [0,00).

By (38), we get
(x,1) /t 1 {/0 _y=x? (y—)

v(x,t) = | ———
0 4nr(t—s) /-

o) 2
e =) ¢/(s)dyds — / e 40 g’(s)dyds} :
S 0
Note that the integral of the fundamental solution is 1:

00 1 _(y=x?
q) . _ — 4(t—s) —
/]R (x=y,t=s)dy /oo(47f(t—s))1/ze dy=1
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so when x > 0 we let y — x = —z and obtain
u(x, t) =o(x,t) + g(t)
t 00 1
= Lt _|_/ "(s)d / S
v(x,t) ; ¢'(s)ds i me
2 [t [ e g (ogas
= _— — S 2
0 V4r —ooe 8
b1 o _ 2
— —(t—3)" 4(t-s)dzd
J) st e ()

Integrating by parts, we get

NI—=

1 —1/2/Oo S = /t 1 3/2 /°° 22
)= —(t— =) dz - — t d M- d
wot) = (=92 [Tz g(0)] — [als)y—(t—s) s [T e
0 22 _ 2
—1/2 H 2
- g<5>ﬁ< 9 dS/ T
ZZ
= 11 —Iz—l—/ g(S) 1/2dS/ 2 de T 4(t-s)
_11_12+/ §(8) = (t = 5)Hds(~z) e~ e
. ; 1 B XZ zZ=X
— Il —|— 4(t—s

2

Now, we focus on I; and define w? := z2/4¢, and so

1 ®© 2 o 2
I = li —1/2/ “2ledz . g(t—e) = g(t) | —/ 2e~dw = 0.
v S R

Thus, we have shown that

2

ﬁg(s)ds, x > 0.

u(x,t) =

\/_/ t—s3/2

Next, we need to prove that

lim u(x,t) = g(t).

x—07+
Now for any fixed § > 0,
t 1 2 t—o 1 2
Jlim utet) = Jimy [ e 8+ fim [ e (o)
t x2
=8t )xli%l\/— s (t—15)3/2 s
—g(t) lim —— P L ey

x—0% /4 0 83/2
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For fixed x we substitute x?/w? for s, and get

xlirgl+ u(x,t) = g(t) 11 lim, 2\/_ /x w 2/4%;‘2&0
= g(t) xli%h 7/2/5 e U /4dy
t)ﬁ/o e /4w = g(t).
Hence we reach our goal. O

Problem 2.16. Give a direct proof that if U is bounded and u € C?(Ur) N C(Ur) solves
the heat equation, then
max 1 = max .
Ut I'r
(Hint: Define 1, := u — et for ¢ > 0, and show u, cannot attain its maximum over Ur at a
point in Ur.)

Proof. Defining u, := u — ¢t(e > 0), we see that d;u, — Auy, = —e < 0. For sake of
contradiction, assume that 1, has maximum at (x°,t°) € Ur = U x (0, T]. For the same
reasons in the proof of Problem 2.4, we assert that tr(D2u(x?, %)) = Ayu(x%,t°) <0, and
Ot (x0, %) = 0, thus

Arte (x, 1) — Ayue (2%, %) > 0,
a contradiction. Hence, 1, cannot attain is maximum on the interior, i. e. max 1, = max u,.

UT I'r
Now we conclude that

max u = max(u, + €t) < maxu, + maxef
Ur Ur Ur Ur

<maxue +eT <maxu+ €T.
It I'r

Let e — 0, and then max u < n}ax 1. Hence the assertion follows. O
UT T

Problem 2.17. We say v € C3(Ur) is a subsolution of the heat equation if
—Av <0 inUrg.

(a) Prove for a subsolution v that
1 x—yl?
t) < — ,
v(x, ) 4yn //E(x,t;r) U(y S) (t - 5)2 dyds
for all E(x, t;r) C Ur.

(b) Prove that therefore maxg;, v = maxr; v.

(c) Let ¢ : R — R be smooth and convex. Assume u solves the heat equation and v :=
¢(u). Prove v is a subsolution.

(d) Prove v := |Du|? + u? is a subsolution, whenever u solves the heat equation.

Proof. (a) We modify the proof of Theorem 2.20, writing v instead of u. Recall that E(r) :=
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E(0,0;7) and

2
= // Y, y—zdyds = // u(ry,r’s) Mdyds

Furthermore, we know that

1 2n ¢
¢ (r)=A+B= s /[E(r) —4nvsp — - i;vyiyidyds
with ¥ (s) defined by

n ly[? .
P = —5 In(—47s) + P nlnr = In(®(y, —s)r'").

By the definition of the heat ball, we have ®(y, —s)r" > 1 and hence ¢ > 0in E(r). Thus
dnyp(vs — Av) < 0, —4npovs > —4nAv. Then we have the inequality

1 2n &
) = e} //E(r) —4nvgh — ~ ;vylyidyds

> ! // —4nAvyp — 21 iv dyds
~ ot JJE s = viYidY
=0

according to the proof of Theorem 2.20. So we have

for all » > & > 0. But we know that

lim¢(e) = v(0,0) lim — // |y|2dyds = 49(0,0),

e—0 S%O en
and so we have )
// v(y,s) |y‘ ~5-dyds = ¢(r) > 40(0,0).

The original proof has assumed upon translating the space and time coordinates that x = 0
and t = 0, and so do I. Therefore

// v(y,s) — y|2dyds v(x,t),
41’” E(x,tr) )

as desired.
(b) We modify the proof of the Theorem 2.21. Again we put v instead of u. Assume that

there exist a point (xg, tg) € Ur with v(xg, ) = M := maxu. Then for sufficiently small
Ur
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r > 0, E(xq, to;r) C Ur, thus

M = v(x,ty) < // v(y,s |_y|2dyds
TS g E(xotor) ( s)?

x —yP?
>dyd
// E(xo,to;r) t—S yas =

so we must have v(y,s) = M for (y,s) € E(xo, to; 7). The rest of the proof is the same.
(c) Follow the equations

v =¢'(u)uy,
Uxi = (Pl(u)ux,-/
Ux,-x,- - (P”(u)uii + ¢/(u)uxixi'

Thus we have ;

— Ao = ¢ (u)uy — ¢ (u)Au — ¢ (u) Y uZ <0.

i—1
n
(d) Since v = |Du* +u? = u? + ) _ uij, so we have
j=1
n
U = 2upuy +2 Z Uy Uyt
j=1
n
Ux; = 2y, +2 Z UxjUxjx;s

j=1

n
— 2 2
Oxjx; = 2 (ututxixi + utxl- + Z uxjuxjx,'xi + uxjxi) .
=1

Hence

Av =2

Il
™=

Il
—_

1

n
2 2

j=1

(Zutx + Z uxx —i—utAut—{—ZuxAux).

i=1 i,j=1 j=1

Since u solves heat equation, so does u; and uy, fori = 1,2,---,n. This is true since
differentiation commutes. Consequently,

Av =2 (Z Upy, + Z uxx + uAuy + Zux]Aux]>

i=1 i,j=1 Ji

n
= (2 Uy, + Z uxx> + 2upuy + 2 2 lejl/lxjt

ij=1 j=1

= 2upuy + 2 Zl Uy Uyt = O,
]:

and we are done. []
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Problem 2.18. (Stokes’ rule) Assume u solves the initial-value problem

uy —Au =0 inR" x (0,00)
u=0,u=h onR"x {t=0}.

Show that v := u; solves

vy —Av =0 inR" x (0,00)
v="hv=0 onR"x {t=0}.

This is Stokes” rule.

Proof. Simply note that 9?(u;) — A(u;) = 9(uy — Au) = 0. It is clear that u; = h and
Ut:htIOOD]RnX{t:O}. ]

Problem 2.19. (a) Show the general solution of the PDE u,, = 0 is

u(x,y) = F(x) + G(y)

for arbitrary functions F, G.

(b) Using the change of variables { = x +t,#7 = x — t, show uy — uy, = 0 if and only if
M(:” =0.

(c) Use (a) and (b) to rederive d’Alembert’s formula.

(d) Under what conditions on the initial data g, / is the solution u a right-moving wave?
A left-moving wave?

Proof. (a) It is obvious by integrating with respect to x and y.

(b) Since u(x,t) = u (CM &1 ) differentiate and we get ug, = 3 (Au — uy). Hence ug, =
0 if and only if u solves the wave equation.

(c) The general solution is given by u = F(¢) + G() = ( t) + G(x —t). From the
initial condition we have F(x) + G(x) = g(x) and F/(x) — ( ) = Integratmg the

second the equation F(x) — G(x) = /Ox h(y)dy, then F(x) = ( )+ / ) and
G(x) = % (g(x) - /0 ’ h(y)dy). We then arrive at d’Alembert’s formula
1 1 patt
u(x,t) =@+ +gx =)+ [ hly)dy.
(d) If F(z )+ / y)dy = 0, the solution is a right-moving wave; if G(x) = g(z) —
/0 ) h(y)dy = 0, the wave is moving towards the left. O

Problem 2.20. Assume that for some attenuation function « = a(r) and delay function
B = B(r) = 0, there exist for all profiles ¢ solutions of the wave equation in (R” — {0} ) x R
having the form

u(x,t) = a(r)o(t = p(r))

Here r = |x| and we assume (0) = 0. Show that this is possible only if n = 1 or 3, and
compute the form of the functions «, B.
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Remark 2.19. The proof below has not been checked by the author.

Proof. Setting v(r,t) := u(x,t) we obtain the n-dimensional radially symmetric wave
equation

n pa—
(65) Urr + Ur = Utt.

If distortionless radially symmetric wave propagation is possible, then given any reason-
able ¢ the function v(r, t) = a(r)¢p(t — B(r)) is a solution of (65). Computing partial deriva-
tives
v = ad”, 0 = '¢p — ag'p,
0, = tx”gb . 206/4)/5/ . (X(PN(,B/)Z _ “Qb/ﬁ//'

The only possible way the above equation holds for all reasonable ¢ is that the coefficients
of ¢, ¢, ¢" to equal to zero. Equating the coefficients gives ' = 1, thus p” = 0; plugging
this into the equation gives

n—1 n

—1
—a' =0.

(66) 20’ + a=0,a"+

The solutions to (66) are of the form Kr” where K and p are constants. This then gives
(67) 2p+n—-1=0,p(p—1)+p(n—1)=0.

(67) have solutions only for p = 1 or 3. Moreover, when p = 1, we have a(r) = 1. O

Problem 2.21. (a) Assume E = (E!, E2, E®) and B = (B!, B?, B%) solve Maxwell’s equations

E; = curl B,B; = — curl E
divB = divE = 0.
Show
Eit — AE =0,By — AB = 0.
(b) Assume that u = (u!, u?, u?) solves the evolution equations of linear elasticity
wy — pAu— (A +pu)D(divu) =0 inR> x (0, 00).
Show w := div u and w := curl u each solve wave equations, but with differing speeds of
propagation.
Proof. (a) We calculate by definition
Ei; = 07E = 9;(V x B)
=V x (0:B) = V x (—curlE)
= -V x(VXE)

— AE—V(V -E)
— AE — V(divE) = AE.

The procedure of the second equation is all the same.
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(b) Taking divergence of the equation we have
divuy — pu(Adivu) — (A + p) div(D(divu)) =0
that is wy — (2u + A)Aw = 0. Taking curl of the equation we have
curl uy — pA(curlu) — (A + p) curl(D(divu)) = 0,

that is vy — uAv = 0. O

Problem 2.22. Let u denote the density of particles moving to the right with speed one
along the real line and let v denote the density of particles moving to the left with speed
one. If at rate d > 0 right-moving particles randomly become left-moving, and vice versa,
we have the system of PDE

v — vy = d(u —0)

{ ur+uy =d(v—u)

Show that both w := 1 and w := v solve the telegraph equation
Wy + 2dw; — Wiy = 0.

Remark 2.20. The proof below has not been checked by the author.

Proof. Differentiating both sides of the equations with respect to t and to x, we have

Upt + Uyt = d(vr — Ut), Ve — Vxp = d(up — vp),

Upx + Uxx = d(0x — UUx), Upx — Uxx = d(ux — V).
Subtracting and using the equations we have
Uy — Uyy = d(0p — 0y + Uy —uy) =d(u —v+v—u) — 2duy = —2duy.
Adding and using the equations we have
O — Uxy = d(—0 — 0y +uy +uy) =d(u —v+v—u) — 2dv; = —2dv;.

Hence both u and v solve the telegraph equation. O

Problem 2.23. Let S denote the square lying in R x (0,00) with corners at the points
(0,1),(1,2),(0,3),(—1,2). Define

—1 for (x,t) e SN{t>x+2}
f(x,t):= 1 for(x,t)e SN{t<x+2}

0 otherwise.

Assume u solves

Uy — Uxy = f inR x (0, 00)
u=0,u=0 onRx {t=0}.

Describe the shape of u for times t > 3.
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Remark 2.21. The proof below has not been checked by the author.

Proof. By Duhamel’s principle, the solution to the nonhomogeneous wave equation is
given by

torx+s
(68) u(x, t) = %/0 /xs f(y, t —s)dyds.

See the figure attached below - at time Ty, u(x,T;) = 0 at any point which is not be-
tween P; and P,. For example, the double integral (68) vanishes when taken over trian-
gles AQ1A1B; and AQyA,B; because of the nature of this particular function f(x, t). The
force affects u(x,t) only in the shaded comet shaped region; at times T; and T, the shape
of the string is illustrated by the broken lines superimposed on the figure. The pointed
pulse travels with unit speed in the positive x-direction. The solution is called a "one way
wave'". H

T, Q Q: f%\:—* P,

Problem 2.24. (Equipartition of energy) Let u solve the initial-value problem for the wave
equation in one dimension:

Upp — Uyy = 0 inR x (0,00)
u=gu=h onRx{t=0}.

(ee]

Suppose g, h have compact support. The kinetic energy is k(t) := % / u?(x,t)dx and the

potential energy is p(t) := %/oo u2(x,t)dx. Prove
(a) k(t) + p(t) is constant in ¢,
(b) k(t) = p(t) for all large enough times ¢.

Proof. (a) Take derivative of k(t) and p(t), we have

a 1 (o] [e]
ki(t) = 372 | u%(x, t)dx = / up - updx,
a 1 0 ’ 0 (o]
pe(t) = 32 | usi(x, t)dx = / Uy - Uppdx = — / Uy - Updx.
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(ee]

Hence ki (t) + pi(t) = / us - (upr — Uxyx)dx = 0 which implies that k() + p(t) is constant

over t.
(b) D’ Alembert’s formula gives us the explicit solution

1 1 rx+t
slelxtt)+glx =0+ | h(y)dy
x—t
and thus , ,
ur = Slg' (x4 1) — g/ (c— 0)] 4 [+ )+ h(x = 1),
1 1
uy = S [¢'(x+ 5 + ¢ (x =]+ Sh(x+ 1) = h(x = )]
Since both ¢ and & are compactly supported, for large enough t we have u? = u2. There-
fore k(t) — p(t) = 0, thatis k(t) = p(t) for all large enough times ¢. O
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3 Transform Methods

3.1 Fourier transform

In this section, all functions are complex-valued.
Definitions and properties.

Definition 3.1. If u € L'(IR"), we define its Fourier transform Fu = il by

a(y) == (Z;W /Rn e Vy(x)dx(y € R")

and its inverse Fourier transform F~'u = 1 by

i(y) = (2;)” - /]R Y (x)dx(y € R").

Remark 3.1. Since [e™¥¥| = 1 and u € L}(IR"), these integrals converge for each y € R”.

Theorem 3.1. (Plancherel’s Theorem). Assume u € L'(R") N L2(R"). Then #1,ii € L*>(R") and

(69) 18 2rry = 9l 2y = llutll p2(mey-
Proof. It is not our concern. Refer to p188 of the book. O

Lemma 3.1. (Basic properties of Fourier transform).
(i) (Inverse) (F~'u)(x) = (]—"u)( X);

(if) (Sealing) (Fu(Ax))(§) = A" (Fu(x))(/A);
(iii) (Translation) (F f(x — ))( ) = e X FF(x))(&);

(iv) (Convolution) (F(f * g))(x) = 27T”/2(ff)(X)( Fg)(x);
(v) (Modulation) (F (" f(x)))(8) = (Ff)(& —h);
(vi) (Conjugation) (Ff)(x) = (Ff)(—x)

g ) =
Ff)(=x).
Proof. It is so trivial that we only prove (ii), (iii) and (vi), leaving the rest as exercises.
(ii) In fact,

(Fu)(@) = s [ e Fulin)ds

FoRE
S A [ e uty)dy = A (Fu() (E/0),

(27I) (2m)n/2 Jacobian

(iii) In fact,

(Ff(x =)@ = yrs [ e & f (= mda

27T)”/2
27T1)”/2 /Rn e T f(y)dy = e (FF(x))(2)-

(vi) In fact,

FN@ = [, e & fxds = [ e Fx)dx
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and replacing ¢ by —¢, we have

FNED = [ e Fwdx = (FE).

Theorem 3.2. (Properties of Fourier transform). Assume u,v € L*(IR"). Then

Q) [ wodx= [ dddy
R R
(ii) (D*u)*= (iy)*# for each multiindex a such that D*u € L?(IR").
(iii) If u,v € LY(R"™) N L2(R"), then (u x v)" = (271)"/ %109,
(iv) Furthermore, u = (i)~

Proof. Another good chance to practice analytical skills. Here we list some hints.

(i) By Theorem 3.1, we have |ju + ocv||%2 = ||14/-|—EJ||%2 Rewriting with inner product (of
L? space), and expanding the equation, we obtain (u,av) + (av,u) = (i, ad) + (a0, 1).
Set « = 1 and i, and rewrite the inner product as integrals, to obtain Re ud = Re 19 and
Im ud = Im 719. Adding them together implies the result.

(ii) First assume that u is smooth and has compact support. Integrate by parts, and the
JR" term vanishes since u has compact support. In this process the differential operator
is transferred onto e *¢ through |a| times of integration by parts, i.e.

1 —ix-E A —1)l o, —ixe
(D) (&) = W/Rne ED%u(x)dx = ((m))n/z /IR D* (e %)y (x)dx.

Then calculating the derivative produces another (—1)%/, and the result follows in this
case. By approximation the same formula is true if D*u € L2(R").

(iii) Direct computations. Notice the variables and the order of integration.

(iv) First calculate that, for u,v € L'(R") N L?(R"),

/ avdxzw / / e Vu(y)o(x)dxdy = | uvdx.

Also ¥ = (7)% and so we can employ (i) to conclude that

/(ﬁ)“vdxz/ uvdx

forallv € L2(R"). O

Applications. The Fourier transform F is an especially powerful technique for studying
linear, constant-coefficient partial differential equations. Below are a few examples, in-
cluding some familiar equations.

Example 3.1. (Bessel potentials). We investigate first the PDE

—Au+u=f inR",
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where f € L?(R"). We take the Fourier transform, recalling Theorem 3.2(ii) to obtain

F(—Au)( (Z u%%)

and so X
1+ y»ay) = f(y)(y € RY).
Thus
. f o
(70) u——1+|y‘2$u—}" (1+|y|2>.

Now the only real problem is to rewrite the right-hand side of (70) into a more explicit
form. Invoking Theorem 3.2(iii), we set B(x) = F~! <1+1W> (x), and then 1 = fB, i.e.
u= (27‘()_”/2(]‘ * B)(x). Now we compute

; 1
ixy 1xy ~lyPt
B(x) = 2 )n/z /Rne Ty dy = 2n) n/Z/n/ e e dtdy

1 Oo —t ixy —t|y\ _ 1 oo —t n/2 |
~ (@m)2 / ) (/ ey dt_(2—n)”/2/o e () e i

1 ; 2
L [P et gy
2;1/2 /O ’

where the second equality is because

- / (> 0) = g = [ e gy
1+ |yl 0

and the forth equality is due to

2 xz
/ olvy— t\ylzdy_ (t)n/ e %

(B is called a Bessel potential.) Hence

2

\
u(x) = n/Z/ /Rn tn/z f(y)dydt(x € R").

Example 3.2. (Heat equation). Consider again the initial-value problem for the heat equa-
tion

up—Au =0 inR" x (0,00)
u=g onR"x {t=0}.

Take Fourier transform (in x) to obtain

o+ |yfa=0 fort>0
=g fort=0.



Solving the ODE yields 2 = e #l¥¢. Set F(x) = F~1(e~"*)(x), and so & = £§. Thus

_ _&xF
Y TE
But then ) . ,
r— W/ eixy—tly\zdy — (2t)”/2e_|ilt
Rn
(the details are left as an exercise). Thus
1 ey
(71) u(x,t) = (a2 /IR" e” # g(y)dy(x e R",t>0),

in agreement with (35). Here we come to an estimate |u(x, )| < W &l 1 (rm) by the
way.

Example 3.3. (Fundamental solution of Schrodinger’s equation). Let us next look at the
initial-value problem for Schrédinger’s equation

iuy +Au=0 inR" x (0,00)
u=g¢g onR"x {t=0}

Here u and g are complex-valued. If we formally replace t by it on the right-hand side of
(71), we obtain the formula

ijx—y|?

1
(72) u(x,t) = (@it /]Rn e # g(y)dy(x € Rt >0),

where we interpret iz as e. This expression clearly makes sense for all times t > 0,
provided g € L'(R").
Now we go back and take Fourier transform to obtain

Solve the ODE to obtain #i(y,t) = e !l¥’§(y). The remaining steps are all the same as the
previous example, and this is where (72) comes from.
We again estimate that |u(x,t)| < WHgHLl(RH), ie. [Jullre < t72|gll;1. Indeed,

ijx—y|?

since | (47tit) "/2| < (47t) ™% and |e” @ | = 1(t > 0), we have

1

()| < gy /R g(y)dy = Ct"2(|gl 11 -

Rewrite formula (72) as

a2
u(x t) = & e—ixy/Ztei|y|2/4t ( )d
’ (47it)n/2 Jgo g(y)dy,
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and we can check as in Theorem 3.1 that if ¢ € L!(R") N L?(R"), then [l 2rny =
181l r2(rn)- In fact, for the heat equation, we have

A —_ 2/\ A
lulle = Nall2 = e g(w)ll2 < g2 = llgla(t > 0);

but for Schrodinger’s equation, we have

N —itly|? & A
Il = Nalle = e ™ g@)ll2 = lIgll2 = llgl (¢ > 0).

Remark 3.2. We call , ,
i|x|
e ¢ R £0

the fundamental solution of Schrodinger’s equation. Note that formula (72), u = g* ¥,
makes sense for all times t # 0, even t < 0.

Y(x,t):=

Example 3.4. (Wave equation). We next analyze the initial-value problem for the wave
equation

up —Au =0 inR" x (0,00)

u=gu =h onR"x {t=0},
where for simplicity we suppose the initial velocity to be zero. Take Fourier transform as

before and then
{att +|yPa=0 fort>0

0=¢d;="h fort=0.
This time we will separately study these two initial-value problems:

utt—AuZO il’lanX(0,00) ut,}—AMZO inIRnX(0,00)
u=gu =0 onR"x {t=0}, u=0,uy=h onR" x {t=0}.

For the former, its Fourier transform reads

Solve the ODE to obtain a fundamental set of solutions ¢Vl and e~11l¥|. Use the initial
conditions to write

a(y) +b(y) =&(y)
ilyla(y) —ilylb(y) =0,

and then i(y,t) = (el + e l¥)g(y) = cos(tly|)¢(y). Now do the inverse Fourier
transform and we get

(e t) = s [ @ sl gw)ay.
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We turn our attention to the latter initial-value problem. This time

g + |y|?4 = 0(t > 0)
a(y,t=0)=0
Ay, t = 0) = h(y),

and the solution of this ODE is

iy, t) = fl(y) eitlyl _ Me—iﬂy\ — Sin(tM)ﬁ(y).

2ily| 2ily| vl
Hence
_ 1 ixySinth/‘h d
u(x, t) = (27T—)”/2/1R"e M (v)dy.

We will next prove that this equals exactly

1 x4t
5 / h(y)dy, n=1,
2 x—t

t h(y)dS(y), n=3.
50 (y)dS(y), n

When n = 1, we have

: 1 : 1 . : 1 .
sinly] yoi! siny _1 ['evar — sintly| ¢ [ e
-1 -1

1yl y yl 2
and thus
1 ixy t! —izty 1.7,
u(x, t) = W/ e E/ e “dzh(y)dy

1

ixy—izty [ iy L

2/ / / h(p)dndydz - o
(n)

2/ // —i =2y qy b () dydz

[ee]

= 5/_1 t/_oo d(n +zt —x)h(y)dnydz (since / e Wdx = 271(y))

—o0

2/ th(x —tz)dz (sincen+zt—x=0 = 15 =x—zt)
x+t

2 h(y)dy (letting y = x — tz)

This coincides with d’Alembert’s formula (50).
For the case n = 3, first note that

—i¢x _ sin |‘:|
e “'dS(x) =4m ,
/|x|=1 ( ) |§|
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and by substituting we have

— dsS(v).
& B, 1)] sy ¢ W)

Consequently,
u(x, t) = 1 / eixysmﬂy’fz(y)dy
(270)3/2 Je vl
= G S T o g f SOy
- (2711)3 t|aB(10,1)\ /aB(O,t) /IR3 /]Rg e WEHETIdy h(g)dgdS(2)
1 1

~ 10B(0,1)] (271)? /aBm,t) Jo 278z 4§ (@) dEas ()

t . - o
= 2B aB(O,t)h(x_Z)dS(Z) (sincez4+¢—x=0 = F=x—2)

=t hy)ds(y).
s W)
Example 3.5. (Transport equation). At the end of our course, we return to the first PDE

we’ve met, and also probably the easiest example in this chapter. Consider the transport

equation
ur+b-Du=0 inR" x (0,)
u=g¢ onR"x {t=0},

and take Fourier transform as usual. This yields

d+b-iy-1=0 inR" x (0,00)
1=¢ onR"x{t=0}.

Solve the ODE to obtain 7(y, t) = e *¥*§(y). Hence

1 i —1 A 1 i(x— A
u(et) = iz fo e 8wy = o [ e e()dy = g - bi)
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APPENDICES

Appendix A Notations

Al

1.

A2

Geometric notation.
e;=(0,---,0,1,---,0) = ih standard coordinate vector of R".
R = {x = (x1,--- ,x4) € R" | x, > 0} = open upper half-space.

A typical point in R"*1 will often be denoted as (x,t) = (x1,---,x,,t), and we
usually interpret t = x,,;1 = time.

U,V, and W usually denote open subsets of IR"". We write
vccu

if V.C V C Uand V is compact, and say V is compactly contained in U.

For open and bounded U, Uy = U x (0,T] = the parabolic cylinder, 't = Ur —
Ur = parabolic boundary of Ur.

B%x,r) = {y € R" | |x — y| < r} = open ball in R" with center x and radius r > 0.

B(x,r) = closed ball with center x, radius r > 0.
/2
na(n) = surface area of unit sphere dB(0,1) in R” (note that its dimension is n — 1).

a(n) = = volume of unit ball B(0,1) in R".

Hence the volume of B(0,r) in R" is 7*a(n), and the surface area of it is na(n)r" 1.

Ifa=(ay,---,ay)and b = (by,- -+ ,by) belong to R",

n n %
a-b=Y aibj|a| = at | .
i=1 =1

1

Notation for functions, derivatives and function spaces.

Jfu: U — R, we write

u(x) =u(xy, -+, x,)(x € U).

We say u is smooth provided u is infinitely differentiable. The support of a function
u is denoted spt u.

Ifu:U — R™, we write
u(x) = (ut(x),- - ,u™(x))(x e U).
The function u¥ is the kth componentof u,k =1,---,m.
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1
3. ][B(x’r) fdy = () /B(W) fdy = average of f over the ball B(x,r)
and

1
]gB(x’r) fds = .mx(n)r_nfl /BB(x,r) fdS = average of f over the sphere dB(x,r).
4. The convolution of the functions f, g is denoted f * g.
5. Assume u : U — R,x € U, the same below. uy, = g = lim u(x + he;) u(x),
! axi h—0 h
0%u 3u

provided this limit exists. Similarly, —

= Uy, = = Uy,x.x,, €tC.
0x;0x; ti%j 9x;0x0Xk *iXj k!

6. Multiindex Notation:
(a) A vector of the form & = (a1, - - - , &), where each component «; is a nonnegative
integer, is called a multiindex of order

|0¢’:0¢1—|—...+“n.

(b) Given a multiindex «, define

(c) If k is a nonnegative integer,

DFu(x) := {D*u(x) | |a| =k},
the set of all partial derivatives of order k. Assigning some ordering to the various
partial derivatives, we can also regard D*u(x) as a point in R™.

1/2
(d) ID*u| = | Y |D*ul?
la|=k

(e) Special Cases: If k = 1, we regard the elements of Du as being arranged in a
vector:
Du = (uy,, - ,uy,) = gradient vector.

If k = 2, we regard the elements of D?u as being arranged in a matrix:

u . _Pu
ax% axlaxn
D%y = = Hessian matrix.
ofu ., u
3,05, 92/ wn

n
7. Au =Y uy,, = tr(D*u) = Laplacian of .
i=1
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10.

11.

12.

13.

We sometimes employ a subscript attached to the symbols D, D?, etc. to denote the
variables being differentiated, such as Dyu = (uy,, - -+ ,Ux,), Dyt = (y,, - -, Uy,,).

C(U) = {u € C(U) | u uniformly continuous}

CH(U) = {u € CK(U) | D*u is uniformly continuous for all|a| < k}.

Thus if u € C¥(U), then D*u continuously extends to U for each multiindex &, |a| <
k.

C*(U) = {u: U — R | u infinitely differentiable} = (1] C*(U), C*(T1) = (") CK(1).
k=0 k=0

C.(U),Ck(U), etc. denote these functions in C(U),C*(U), etc. with compact sup-
port.

The definitions of L¥(U) and L*(U) are the same as those in real analysis.

It is occasionally useful to introduce spaces of functions with differing smoothness
in the x- and t- variables, although there is no standard notation for such spaces. We
will for this book write

C2(Ur) = {u : Ur — R | u, Dyu, D2u,u; € C(Ur)}.

In particular, if u € C%(UT), then u, Dyu, etc. are continuous up to the top U x {t =
T}.
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Appendix B Calculus Facts

B.1 Boundaries.
Let U C R" be open and bounded, k € {1,2,--- }.

Definition B.1. We say oU is C* if for each point x° € U there exist r > 0 and a C* function
v : R""! — R such that- upon relabeling and reorienting the coordinates axes if necessary- we
have

UNB(xr)={x e B(%r) | xy > y(x1,-- ,x0-1)}

Likewise, 9U is C* if oU is C for k = 1,2, - - -, and 9U is analytic if the mapping 7y is analytic.

Definition B.2. (i) If 0U is C!, then along dU is defined the outward pointing unit normal vector
field
v=>ul, .

The unit normal at any point x° € U is v(x°) =v = (vy,- - ,vy).
(i) Let u € CY(U). We call
ou

E::V-Du

the (outward) normal derivative of u.

B.2 Gauss-Green theorem.
In this section we assume U is a bounded, open subset of R"”, and oU is C 1

Theorem B.1. (Gauss-Green Theorem) Suppose u € C'(U). Then
(B1) / Uy, dx = / uvidS(i =1,---,n).

u au
Theorem B.2. (Integration-by-parts formula) Let u,v € C'(U). Then

(B2) / Uy, odx = —/ uvxidX—I—/ uov'dS(i=1,---,n).
u u au

Proof. Apply Theorem B.1 to uv. O

Theorem B.3. (Green's formulas) Let u,v € C>(U). Then

ou
i Audx = —dS,
(1)/11 " o av

(ii)/ Dv - Dudx = —/ ulAvdx + a—vudS,
u u au oV

v ou
(iii) /uuAv — vAudx = /au ua — vgds.

Proof. Using (B2), with uy, in place of u and v = 1, we see

/uxixidx:/ ux,.vidS.
u u

Sumi=1,---,n to establish (i).
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To derive (ii), we employ (B2) with v = u,,. Write (ii) with u and v interchanged and
then subtract, to obtain (iii). O

B.3 Polar coordinates.
Next we convert n-dimensional integrals into integrals over spheres.

Theorem B.4. (Polar coordinates)
(i) Let f : R" — R be continuous and summable. Then

/]Rn fdx = /O°° </BB(xo,r) / ds) &

for each point xo € R".
(ii) In particular

d
- dx | = ds
dr </B<xo,r> f x) /aB<xo,r> f

foreachr > 0.

B.4 Convolution and smoothing.
If U C R"is open, ¢ > 0, write U, := {x € U : dist(x,dU) > ¢}.
Definition B.3. (i) Define n € C*®°(IR") by

n(x) = Cexp <|x‘21_1> if|x| <1
0 x| =1,

the constant C > 0 selected so that | ndx = 1.
R

(ii) For each € > 0, set
1 X
Us(x) = 8_”17 ( ) :

€
We call 57 the standard mollifier. Note that 7, are all C*, spt(y.) C B(0,¢), and

=x/¢€

/Rn Me(x)dx = /]Rn e "y(x/e)dx = /nn(x)dx =1,

i.e. 7¢ preserves L! norm.

Definition B.4. If f : U — R is locally integrable, define its mollification

fEi=1ex fin U,.
That is,
fo(x) = /u ne(x —y)f(y)dy = /B 0 ne(y)f(x —y)dy
for x € U.
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Theorem B.5. (Properties of mollifiers)

() £ € C¥(Us).

(ii) f¢ — fa.e ase — 0.

(iii) If f € C(U), then f* — f uniformly on compact subsets of U.

Proof. It is not required in this course, so we just sketch the proof. For details, see pp 630-

631 of the textbook. ) , ) -
(i) For x + he; € U, compute the limit of filx+ e;'l) —fx) as h — 0 to show that %(x)
i

exists, and D" f¢ can be obtained similarly.

(ii) Use Lebesgue differentiation theorem (cf. Theorem B.6) to prove that |f¢(x) — f(x)| —
Oase —+ 0forae. x € U.

(iii) Note that f is uniformly continuous on W, where V. CC W CC U foragiven V CC U.
Then make use of (ii). O

B.5 Dirac /-function.

Dirac J-function, also known as the unit impulse, is a generalized function on the real
numbers, whose value is zero everywhere except at zero, and whose integral over the

entire real line is equal to one. In other words, 6(x) = 0(x # 0), and / d(x)dx = 1.

One way to rigorously capture this function is to define a measure, called Dirac mea-
sure, which accepts a subset A of the real line R as an argument, and returns 6(A) = 1 if
0 € A, and 6(A) = 0 otherwise.

We sometimes denote a translation of §(x) of distance a by 6,(x),a € R.

B.6 Measure theory.

Definition B.5. A measurable function f is summable if

dx < co.
[, Ifldx < o0

Note carefully our terminology: a measurable function is integrable if it has an integral
(which may equal +co or —o0 ) and is summable if this integral is finite.

Theorem B.6. (Lebesgue differentiation theorem) Let f : R" — R be locally summable.
(i) Then for a.e. point xo € R",

][ fdx — f(xg)asr — 0.
B(XQ,V)

(ii) In fact, for a.e. point xo € R",

ﬁ(xo,r) f(x) = f(xo)[dx — Oas7 — 0.
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B.7 Poisson’s kernel.
Denote the Poisson’s kernel for the upper space

2xy
na(n) [x —y|"

(x e R,y € 0R")

by K(x,y), then

Theorem B.7. K(x,y)dy = 1.
IR"

Proof. Write x = (¥, x,,) € R, where x’ = (x1,- -+ ,x,_1). Since y € dR"., we have

2x 1
Kry)dy = - | dy'.
oy K080 = 50005 e G

/ /

Y-y

Xn

Making the change of coordinates z’ = gives

n—1

an / 1 d /: zxi’l / xn dzl
na(n) Jr (W =y P+ 2272 = na(n) Jror 2 (|22 + 1)172

2 / 1 4z’
= naln) S (P 1)

Now we change to polar coordinates:

1 /
— d=m-Dan—-1) ——
/Rn—l (P nyss = = Deln =) J ey dr

Tx—l

+o0 1
Note that B(x, ) :/0 de(SHbstitutetwithT/(l+T) in B(x,y) =/0 (1 -

t)Y~1dt), where B is the Beta function. Therefore

and
m—1Nan—-1) ,(n—-11
/am K(xy)dy = na(n) B ( 2 ’5)
"2 T'(x)T(y)

Using that a(n) = T and I'(x + 1) = xT'(x) we can verify

(n/2—|—1)'B(x'y) T T(x+y)

(n—l)zx(n—l)B n—1 1) _ 1

that

nu(n) 2 72
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B.8 Duhamel’s principle.

Duhamel’s principle is a general method for obtaining solutions to nonhomogeneous
linear evolution equations like the heat equation, wave equation, and vibrating plate equa-
tion. It is named after Jean-Marie Duhamel who first applied the principle to the nonho-
mogeneous heat equation. For linear evolution equations without spatial dependency,
such as a harmonic oscillator, Duhamel’s principle reduces to the method of variation of
parameters technique for solving linear nonhomogeneous ODE. It is also an indispens-
able tool in the study of nonlinear PDE such as the NavierStokes equations and nonlinear
Schrodinger equation where one treats the nonlinearity as an nonhomogeneity.

The philosophy underlying Duhamel’s principle is that it is possible to go from so-
lutions of the Cauchy problem (or initial value problem) to solutions of the nonhomoge-
neous problem. Intuitively, one can think of the nonhomogeneous problem as a set of
homogeneous problems each starting afresh at a different time slice t = t(. By linearity,
one can add up (integrate) the resulting solutions through time ¢y and obtain the solution
for the nonhomogeneous problem. This is the essence of Duhamel’s principle.
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